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PEEFACE. 



This volume is the first of two on the subject of Internal 
Stress and Strain which are intended to supply the felt 
want of a complete and systematic set of exercises. It 
is based on the late Fbofessob Raneine's treatment of 
the subject in his Applied Mechanics and CivU En- 
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introduction, to these volumes. 



22nd July, 1879. 



CONTENTS. 



PAOK 

The Existence of Internal Stress at any point within a 

Solid in a State of Strain, 1 

Statk of Simple Strain, 5 

The phenomena accompanying it — Def. of Strain and units em- 
ployed. 

Exercises (Nos. 1 to 12). Specimens worked out. 

Elasticity, 8 

Phenomena which exhibit this property of matter — Hooke's law 
— Def. Proof Load — Limits of Hooke's law — Def. Modulus 
of ElasticUy, 

Ex. (Nos. 13 to 21). Struts and ties — Calculations involving 
load, stress, strain, and modulus of elasticity. 

The Production of Strain, 13 

Kinetic relation of load and strain — ^Impulsive stress — Live load 
— Dead load — Gross load, 

Ex. (Kos. 22 to 26). From live and dead loads to find stress, 

strain, modulus of elasticity, &c. 

Resilience, 18 

Def. Resilience — Measure of resilience— Amounts of resilience. 

Ex. (Nos. 27 to 49). From external loads, &c., to find re- 
silience, and hence the maximum strain upon struts, 
ties, chains, ship drags for launching, &c. 



X CONTENTS. 

Internal Stress, 3 

Intensity of simple stress on oblique planes, and components- 
Planes of equal shearing stress — Planes of greatest shearing 

stress. 

Ex. (Nob. 50 to 52). 

Compound State of Strain, 45 

Stress parallel to one plane — Stress at a point within the solid — 
Tangential stresses are of equal intensity on rectangular 
planes — Stresses specified upon two planes through a point 
to find stress upon a third — Least data to determine the 
stress at a point within a solid — Equivalent sets— On one 
pair of rectangular planes, stresses are normal — ^Def. Prin- 
cipcU stresses — Conjugate stresses. 

Ex. (Nos. 53 to 61). To find equivalent sets of stresses: for 
example, given oblique set, find principal stresses, &c. 

Rankinb's Method of Ellipse of Stress, - - - - 63 

For stresses parallel to one plane it has been shown that there 
is always a pair of principal stresses — Given equal like 
principal stresses to find stress on a third plane— Given 
equal unlike principal stresses to find stress on a third 
plane — Given the principal stresses to find the stress on a 
third plane — Normal and tangential components of result- 
ant stress on third plane — The locus an ellipse — Particular 
positions of third plane ; (a) For which the stress upon it 
will have greatest or least intensity; {b) For which the 
intensity of the shearing stress has maximum value; (c) 
For which the stress is entirely tangential ; {d) And that 
for which the obliquity of the stress thereon is the greatest 
possible. 

Ex. (Nos. 62 to 71). Given principal stresses, like and unlike, 
to determine stress on a third plane, also position of 
planes as (a), (&), (c), and {d). 

Ellipse of Stress— Inverse Problem, 81 

Given the intensities, obliquities, and kinds of the stresses upon 
any two planes at a point within a solid to find the prin- 



CONTENTS. xi 

cipal stresses and their planes — Like stresses— Unlike 
stresses— Trigonometrical reduction — Particular cases as 
given: (a) Pair of conjugate stresses; {b) Pair of rectangular 
stresses, 

Ex. (Nos. 72 to 78). All varieties as above. 

Application of Ellipse op Stress to Stability op Earth- 
work, 95 

Coefficient of friction and angle of repose for loose mass of earth 
— Conditions of equilibrium of a mass of earth— -Earth in 
horizontal layers loaded with its own weight, to find pres- 
sure against retaining wall with vertical face — Geometrical 
solution of same. 

Ex. (Nos. 80 to 82). 

Depth to which foundation of a wall must be sunk in earth laid 

in horizontal layers consistent with equilibrium, ... 103 

Ex. (Nos. 83 to 85). 

Earth spread in layers at a uniform slope, and loaded with its 
own weight, to find pressure against a retaining wall with 
vertical face — Simplest case when wall runs at right angles 
to greatest declivity, 106 

Ex. (Nos. 86 to 87). 

Geometrical solution of same, giving data to construct the 
"Spheroid of Stress" — Construction of the ellipse upon 
the sloping plane being "trace" of spheroid — Other cases, 
as when wall runs up steepest declivity, and generally, when 
wall runs up at any slope less than that of greatest de- 
divity, 112 

Ex. (No. 88). 



ELEMENTAEY 



APPLIED MECHANICS 



Stress. 

Elasticity is a property of matter. When dealing with 
the equilibrium of a body under the action of external forces, 
iu order to find the relations among those external forces, 
the matter of the body is considered to be perfectly rigid, or, 
in other words, to have no elasticity. When external forces, 
the simplest of which are stresses acting really on a 
part of the surface of a body^ are considered to act at 
points on the surface, it is taken for granted that the 
matter of the body is infinitely strong at such points. 
But after considering the equilibrium of the body as 
a whole, we may consider the equi- 
librium of all or any of its parts. If 
we take a part on which an external 
stress directly acts, equilibrium is main- 
tained between that external stress acting 
on the free surface and the components 
parallel to it, of stresses which the cut 
surface of the remaining part exerts on 
its cut surface. 

Let MONQP be a solid in equilibrium 
under the action of the three external 
uniform stresses acting on planes of its 
surface at o, p, and Q. Let mn be the trace 
of the plane at o under the uniform stress A. The stresses 
aaa . . . bbb ,.,ccc may be represented in amount and direction 

A 




Fig. 1. 



2 APPLIED MECHANICS. 

by the single forces a, b, and c acting at the points o, p, and 
Q, rigidly connected. We know that, by the triangle of 
forces, A, B, and C are proportional to the sides of a triangle 
DFE drawn with its sides parallel to their directions. 
Also that they are in one plane and meet at one point. 
Hence we infer that the stresses which they represent 
are all parallel to the plane of the paper, and that the 
planes of action of b and c are at right angles to the 
plane of the paper as well as that of a. Thus we find 
the relation among the external forces. 

Let a plane mn divide the solid 
into two parts. Consider the 
equUibrium of the part MNtm-tj-. 
81,82,83 ... are the stresses exerted 
at all points of the cut surface 
of M N TJi 71 by the cut surface 
of the other part, s is the sum of 
their components paraDel to the 
direction of A, acting through p, 
the centre of pressure. Because 
there is equilibrium, s is equal 
and opposite to A; and they act 
in one straight line. Also the 
remaining rectangular components 
^;„ ^ of 81,82,83 are themselves in equi- 

librium. Thus we see there is s 
stress on the plane mn and know 
the amount of it in one direction. 
Had we been considering the 
equilibrium of the other pait of 
the solid, the stresses on thii would 
have been acting on the other sur- 
face as ii, fj. 's' ■ • ■ ^° opposite direc- 
tions to 8^, 8» Sg, . . . and of equal 
I intensities. Thus on the plane mn 

Rr. a. there axe pairs of actions, acting 

at all points of it, as Sg, /,, at q. These var}' in intensity and 
obliquity to m «. at different points of the plane. If another 
plane, as gh, dividing the solid, pass through q, there will be, 
similarly, pairs of actions at all points of it, and a pair of 
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definite intensity and direction at the point q. If we know the 
stress at the point q in intensity and direction on all planes 
passing through q, we are said to know the interned stress at 
the point q of the solid. Similarly for all points of the solid. 
The pairs of actions as 83, ^3 act respectively on the cut 
surfaces of the upper and under parts of the solid ; but mn 
may be considered to be a thin layer of the solid with §3 and 
^3 acting on its under and upper surfaces. It must be, 





Fig. 4. Fig. 6. 

however, infinitely thin, this layer of the solid; otherwise its 
two surfaces would be diflerent sections of the solid and 83 
and fg not necessarily equal and opposite. If gh be also 
considered a thin layer, and H and K be the pair of actions 
on it at the point q on the two sides of it, then will the 
point 5 be a solid, in figure a parallelopiped, with a pair of 
stresses acting upon its opposite pairs of faces. 83 and ^3 being 
equal, s is now put for each, and H is put for both H and K; 
and since q, instead of being a point in both planes, has small 
surfaces in both, though so infinitely small that the stresses 
over them do not vary from the intensities at the point g, yet 
surfaces, the stresses spread over which it is more convenient 
to represent by sets of equal ani^ows sss...,hhh... . 

In this way of representing the internal stress at q the 
parallelopiped is all of the solid to be considered. It must 
be borne in mind, however, that q is indefinitely thin each 
way, and might be more accurately exhibited thus ; which 
must be understood to be such small portions of the planes 
mn and gh that the stress remains constant in direction 
and intensity throughout their extent. 
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State of Simple Strain. 

Thua we see that in a solid acted upon by external forces, 
every particle exerts stress upon all those surrounding it. 
Such a body is said to be in a state of drain. In solids the 
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phenomenon is marked by an altemtion of shape, but 
not necessarily of bulk. 

Let A B and c D be acted upon by two 

t equal and opposite forces P and P in the 

direction of their length acting in A B 
away from each other, and in c d towards 
__l'TTl'_ each other. If p be uniformly distri- 
buted over the area A, the section of AB 
perpendicular to its length, the intensity 
of the stress on it is 

Let the prism be of unit thickness normal 
to the paper; then will the line HN be 
equal to the area of the section of the prism 
perpendicular to its axis and 



At any internal layer m n, perpendicular to the axis of 
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the prism, the intensity is also py for the equilibrium 
of the parts requires it; and not only is the stress of 
this same intensity at all points of one such section, but 
also upon all such sections. The solids AB and CD are 
said to be in a state of simple strain, in the case of A B of 
extension, and in that of c D of compression. It is usual to 
consider the first as positive and the second as negative. 

The change of dimensions due to a simple state of strain 
is an alteration of the length of the solid in the direction of 
the stress with or without an accompanying alteration of its 
other dimensions. Thus a piece of cork in a state of simple 
compression has become shorter in the direction of the 
thrust, yet with scarcely any, certainly without a cor- 
responding increase of area, normal to the thrust. Again, 
a piece of indiarubber grows shorter in the direction of 
the thrust with an almost exactly proportionate increase 
of area normal to it. 

The increase of length in the case of an extension is the 
augmentation, in that of a compression it is a negative 
augmentation, and in either case it is the amount of strain. 
The measure of the strain is the ratio of the augmentation 
to the original unstrained length. 

T^ T -J. !• 1 i • augmentation of length 
Definition. Longitudmal strains — ^ -. rr ^— 

where both are in the same name, that is, both in inches or 
feet, &c. The foot being the unit of length, it is most 
convenient to take both in feet; then 

T .i^ T 1 , . auormentation in feet 

lonffitudinal strain = — ^ ir- = — f— r * 

° length m reet 

Suppose the denominator on the right-hand side of the 
equation to be unity, then 

longitudinal strain = augmentation in feet of 1 foot of 

the substance. 

= augmentation per foot of length, 
expressed in feet. 

Hence the total augmentation or amount of strain in feet 
equals the length in feet multiplied by the strain. 
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If the augmentation equal the length, that is, if the piece 
be stretched to double its original length or compressed to 
nothing, then from the definition 

strain = unity. 

Examples, 

In the following questions the weight of the material is 
neglected. 

1. A tie rod in a roof, whose length is 142 feet, stretches 
1 inch when bearing its proper stress. What strain is it 
subjected to ? 

augmentation = 1 in. 
unstrained length = 1704 in. 

. . augmentation 1 t\t\(\i* 

stram = — ^^ -^ = :n=7rT or 0006. 

length 1704 

2. How much will a tie rod 100 feet long stretch when 
subjected to '001 of strain ? 

augmentation ^ ^^^^^ 

length 

.-. augmentation = strain x length = -001 X 100 ft. = 1 ft. 

3. A cast-iron piUar 18 feet high shrinks to 17*99 feet 
when loaded. What is the strain ? 

augmentation of length = — '01 ft. 
strain - a^ffl^entation _ - '01 ft. _ __ 1 .^ 

4. Two wire cables, whose lengths are 100 and 90 fathoms 
respectively, while mooring a ship are stretched, the first 
3 inches and the second 2*75 inches. What strains do they 
sustain? Which sustains the greater? Give the ratio of 
the strains. 

For the 100-fathom cable 

•«" = '^'^^ = fife. = o""*"- 
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For the 90 fathom cable 

strain = ^^g°^entation ^ 275 in. ^ ^^^^^ 

length 6480 in. 

The 90-fathom cable is the more strained. 
Ratio of these strains is 417 to 422. 

5. A 30-feet suspension rod stretches -^ inch under its 
load. Find the strain upon it. 

strain = -00014. 

6. How much does another of them^ which is 23 feet long, 
stretch when equally strained ? 

augmentation = '039 inches. 

7. A submarine cable is tested with a strain of '0002. 
How much did it stretch per 100 fathoms ? 

aug. per 100 fathoms = 1*44 in. 

8. What is the strain upon a wooden strut 60 feet long 
when compressed to 59*97 feet ? 

strain = — '0005. 

9. A violin string 10 inches long is stretched to lOJ 
inches. What is the strain upon it ? 

strain = ^j^ = '025. 

10. An indiarubber string 6 inches in length is stretched 
till it is a foot long. Find the strain. 

strain =: 1. 

11. A cast-iron pillar bears a strain of '001; its original 
length was 10 feet. Find its altered length. 

augmentation =: — '12 inches, 
alteredlength=: 119-88 „ 

12. A pillar 40 feet high, designed to prop up a beam 
already supported at the ends, fits exactly into its place. If 
the greatest strain to which it is safe to subject the pillar 
be '0004, what thickness of wedge ought to be driven 
between the beam and its top ? 
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The thickness is the same as the contraction which the 
pillar must undergo to produce the necessary strain. 

thickness =— aug. = '192 in. 

This is upon the supposition that the beam does not rise up 
when the wedge is driven. 

Elasticity. 

The Elasticity of a solid is the tendency it has when 
strained to regain its original shape. If two equal and 
similar prisms of different matter be strained similarly and 
to an equal degree, that which required the greater stress is 
the more elastic — e.gr., a copper wire 1,000 inches long was 
stretched an inch by a weight of 680 lbs., while an iron 
wire of the same section and length required 1,000 lbs. to 
stretch it an inch. Hence iron is more elastic than copper. 
If they be strained by equal stresses, that which is the more 
strained is the less elastic — e.g., the same copper wire is 
stretched as before 1 inch by a weight of 680 lbs., while the 
iron one is only stretched a ^f th part of an inch by 680 lbs. 

Hence the elasticities of different substances are proppr- 
tional to the stresses applied, and inversely proportional to 
the accompanying strains. 

If similar rods of steel and indiarubber be subjected to 
the same stress, the indiarubber experiences an immensely 
greater strain, so that steel is very much more elastic than 
indiarubber. 

If two similar rods of the same matter, or the one rod 
successively, be strained by different stresses, the corre- 
sponding strains are proportional to the stresses. Thus, if a 
480 lb. stress stretch a copper wire one inch, then a 960 lb. 
stress will stretch it, or a similar rod, two inches. 

Hooke's Law is " The strain is proportional to the stress'' 
It amoimts to — "the effect is proportional to the cause." 
It is only true for solids within certain limits : — e.g., 2,400 
lbs. should stretch the copper wire mentioned above five 
inches by Hooke's law, but it would really tear it to pieces ; 
and although 1,920 lbs. applied very gradually will not tear 
it, yet it will stretch it more than four inches ; and further, 
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when that stress is removed the wire will not contract to its 
original length again. Strain and stress are mutually cause 
and effect. The effect of stress upon a solid is to produce 
strain ; and, conversely, a body in a state of sti'ain exerts 
stress. The expressions "Strain due to the stress," &c., and 
" Stress due to the strain," &c., are both correct. 

If a solid be strained beyond a certain degree, called the 
proof strain, it does not regain its original length when 
released from the strain; in such a case the permanent 
alteration of length is called a set 

Def. The Proof Load is the stress of greatest intensity 
which will just produce a strain having the same ratio to 
itself which the strains bear constantly to the stresses pro- 
ducing them for all stresses of less intensity. 

If a stress be applied of very much greater intensity, the 
piece will break at once ; if of moderatelj^ greater intensity, 
the piece will take a set; and although only of a little 
greater intensity, yet if applied for a long time the piece 
will ultimately take a set ; and if it be applied and removed 
many times in succession the strain will increase each time 
and the piece ultimately break. For all stresses of inten- 
sities less than the proof load the elasticity is constant for 
the same substance, and the 

Def. Modulus of Elasticity = intensity of stress 

strain due to it 
=: stress per unit strain. 

If the denominator on the right-hand side of the equation 
be unity, then the numerator is the stress which produces 
unit strain, and 

Mod. of elasticity = stress which would produce unit 

strain, 
on supposition of rod not experiencing a set and Hooke's 
law^holding. 

For most substances the proof stress is a mere fraction of 
E, the modulus of elasticity. For steel the proof stress is 
scarcely TTnnrTnrth part of E, Hence in the equation above 
the word would is employed, as it would be absurd to say 
that E equalled the stress that will produce unit strain, that 
being an impossibility with most substances; and even when 
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possible, as in the case of indiarubber, the strains at such a 
pitch will have ceased to be proportional to the stresses 
producing them, and hence E will be no longer of a constant 
value. But the definition is quite accurate and definite for 
all substances amounting to this, that for any substance 

jF = 10 times the stress that will produce a strain of i^th, 

if such a pitch of strain be possible and within the limit of 
strain, that is, not greater than the proof strain. 

But if not, then, 

-&= 100 times the stress that will produce a strain of xiir^^* 

if such a pitch of strain be possible and within the limits 
of strain, that is, not greater than the proof strain. 

Thus for steel E equals one million times the stress which 
will produce a strain of one millionth part. Pliability is a 
term applied to the property which indiarubber possesses 
in a higher degree than steel. 

Eocamples. 

13. A wrought-iron tie-rod has a stress of 18,000 lbs. per 
square inch of section which produces a strain of '0006. 
Find the modulus of elasticity of the iron. 



„ ___ intensity of stress _ 



18000 



strain '0006 

= 30,000,000 lbs. per square inch. 

14. A tie-rod 100 feet long has a sectional area of 2 square 
inches, it bears a tension of 32,000 lbs, by which it is 
stretched fths of an inch. Find the intensity of the stress, 
the strain, and modulus of elasticity. 

. total stress 32,000 lbs. - ^ ^^^ ,, 

stress = = -s i — = 16,000 lbs. per sq. in. 

area 2 sq. m. r ^ 

. . auff. of length 'To in. r^r^r^no'^ 
stram = ^ ^ , ., ^ - = v on/^ ■ = -000620. 

length 1200 in. 

„ stress 16000 oc^jaaaa/mu 
^=^t^ = •000625 = 25,600.000 lbs. per sq. in. 
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15. A cast-iron pillar one square foot in sectional area 
bears a weight of 2000 tons, what strain will this produce,. 
E for cast iron being 17,000,000 lbs. ? 

total stress = 2000 tons per sq. foot. 

= 2000 X 2240 lbs. per sq. foot. 

. 2000x2240 «Tii.4i, 
stress = z-T-T = 31111-1 lbs. per sq. in. 



E 



144 

stress 
strain' 



or 17,000,000 = ^^ • 

strain 

.'. strain = 1 7 000 000 ^ '^^1^ f^- P^^ ft- ^^ length. 

16. The modulus of elasticity of steel is 35,000,000. How 
much will a steel rod 50 feet long and of |th inch sectional 
area be stretched by a weight of one ton ? 

total stress = 2240 lbs. 

__ total stress in lbs. 
~~ area in sq. in. 

=: 2240 -5- i = 17,920 lbs. per sq. inch. 
_ stress 
"~ strain 



stress 



E 



, . stress 
.*. strain = — p— 

= 3^)0 = ■'^'^'- 

elongation . . 
— T-^-rr — = strain, 
length 

.*. elongation = strain x length 

= 000512 X 50 

= '0256 feet or ^ of an inch. 



12 APPLIED MECHANICS. 

17. An iron wire 600 yds. long and ^^th of sq. inch in 
section, in moving a signal sustains a pull = 250 lbs. ; how 
much will it stretch, assuming -£?= 25,000,000 ? 

stress = 20,000 lbs. per sq. in., 

strain = '0008, 
elongation = 1*44 ft. 

18. Modulus of elasticity of copper is 17,000,000 ; what 
weight ought to stretch a copper thread, of 12 inches in 
length and '004 inches in sectional area, tdtt^^ P^^ ^^ ^^ 
inch. If after the removal of the weight the thread remains 
a little stretched, what do you infer about the weight and 
about the strain to which the thread was subjected ? 

strain = Y^ir^y 

stress = 14167 lbs. per sq. inch, 

weight = 56-668 lbs. 

Since this weight causes a set it is greater than the proof load. 

19. A wooden tie 12 inches x 7 inches and 40 feet long 
was tested with a pull of 130 tons which stretched it 1*28 
inches. Find the modulus of elasticity of the wood. 

stress = -q7 ; — '■ = 3466*6 lbs. per sq. in. 

o4} sq. m. 

strain = ^^7;^— — = *0026. 
480 m. 

.-. E = 1,300,000 lbs. 

20. One rod of an hydraulic hoist is 50 feet long and 1 
inch in diameter, it is attached to a plunger 4 inches in 
diameter upon which the pressure of the water is 800 lbs. 
per square inch. E being 30,000,000, how much will the 
rod be compressed, and what is the strain ? 

strain = - '000427 ft. per ft. 
compression = amount of strain =z -256 in. 

21. A glass thread is TTnnr^'^ <^f ^ sq. inch in sectional area, 
and 15 inches long. What weight would be required to 
stretch it y^th part of an inch, for glass E being 8,000,000? 

stress = 5,333 lbs. per. sq. in. 
weight — amount of stress = 5*3 lbs. 
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The Production of Strain. 

We have as yet only considered the statical condition 
of strain, i.e., of a body kept in a state of strain by external 
forces, these forces being balanced by the reactions of the 
solid at their places of application due to the elasticity, and 
the forces exerted on any portion of the solid being in equili- 
brium with the reactions of the contingent parts. Thus when 
we found that 32,000 lbs. produced a strain of '00063 on a 
tie rod 100 feet long and 2 sq. inches in area, in all stretching 
it fths of an inch, we meant that the weight kept it at that 
strain ; the rod is supposed to have arrived at that pitch of 
strain and to be at rest, to be stretched the fth inch, and so 
(by its elasticity or tendency to regain its original length) to 
balance the weight. We have taken no notice of the pro- 
cess by which the rod came to the strain, nor do we say it 
was the weight that brought it to that state, the weight 
being only a convenient way of giving the value of the 
stress on the rod when forcibly kept strained. In fact an 
actual weight of 32,000 lbs. is capable of producing greater 
strains on the rod in question; depending upon how it is 
applied to the rod as yet unstrained. The weight might be 
attached by a chain to the end of a rod and let drop from a 
height ; when the chain checked its fall it would produce a 
strain on the rod at the instant greater the greater the height 
through which it dropt. Still, if that strain were not greater 
than the proof strain, the weight upon finally coming to rest 
after oscillating a while could only keep the rod at the strain 
•00063. 

We come now to consider the kinetic relations between 
the stress and the strain, that is, while the strain is being 
produced, the matter of the body being then in motion, we 
are consequently considering the relations among forces 
acting upon matter in motion. 

If a simple stress of a specific amount be. applied to a 
body it produces a certain strain, and in doing so the stress 
does work, for it acts through a space in the direction of its 
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action equal to the total strain. But if this stress is applied 
gradually, so as not to produce a shock, its value increases 
gradually from zero to its full value, and the work it does 
will be equal to its mean value, multiplied by the space 
through which it has acted. And since the stress increases 
in proportion to the elongation, its average value will equal 
half of its full value. For example, if a stress of 30,000 lbs. 
be applied to a rod and produce a strain of f inch, it will do 
J 0.0 Oil X f = 11,250 incn lbs. of work which will be stored 
up as potential energy in the stretched rod. 

Suppose a scale-pan attached to the top of a strut or 
bottom of a tie and the other end fixed. Let a weight be 
put in contact with the pan, but be otherwise supported so 
AS to exert no stress on the piece, and the next instant let 
it rest all its weight on the piece, then will the weight do 
work against the resistance offered by the straining of the 
piece till the weight ceases descending and comes to rest, 
when the piece will be for an instant at the greatest strain 
under the circumstances, at a strain greater than the weight 
can keep it at ; the unstraining of the piece will therefore , 
cause the weight to ascend again, doing work against it to ! 
the amount that the weight did in descending, and so the 
weight will return to its first position, then begin to descend \ 
again, and so oscillate up and down through an amplitude 
equal to the augmentation. Owing to other properties of 
the matter, whereby some of the work is dissipated during 
each strain and restitution, the amplitude diminishes every 
oscillation, and the weight will finally settle at the middle of 
the amplitude. 

A weight applied in this manner is called a live load. 
A live load produces, the instant it is applied, an augmenta- j 
tion of length double of that which it can maintain, and 
therefore causes an instantaneous strain double the strain 
due to a stress of the same amount as the load. 

Let now a weight W be applied in the following way. 
Divide W into n equal parts of weight w each. If A be the 
strain due to a stress of amount W, and a the strain due to i 
a stress w, then i 

W = nw. 
and by Hooke's law, A = na. 
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Let the fii'st weight w be put into the scale-pan. It wiU 
produce a strain 2a at once, but the piece will settle at a 
strain a. Now put on the second weight w. It will produce 
at once an additional strain 2a, but only of a additional after 
the piece settles ; there being now a total strain 2a. Add 
the third weight w. It also will produce at first an additional 
strain 2a, but only of a after the piece settles, giving a total 
now of 3a ; and so, adding them one by one, there wiU be a 
strain of {n — 1) a when the second last one has been added 
and the piece has settled. Now, upon adding the tith weight 
%v, it will at first produce an additional strain 2a, but only of 
a after the piece settles, giving then a total strain naov A, 
Thus we have brought the piece to a pitch of strain A by 
means of the weight TT, and only at the instant of adding 
the last part {w) of it was the piece strained to (ti + 1) a, or 
to a more than A, By making* the parts more numerous 
into which we divide W, and so each part lighter and pro- 
ducing a lesser strain per part, we can make the strain a the 
extent to which the piece is strained beyond A at the instant 
of adding the last part, as small as we please. 

By so applying the load W we can bring the piece to the 
corresponding strain A without at all straining it beyond 
that. A weight so applied is called a dead load. 

A live load therefore produces, at the instant of its appli- 
cation, a strain equal to that due to a dead load of double 
the amount. In designing, the greatest strain is that for 
which provision must be made, so that live loads must be 
doubled in amount, and the strain then reckoned as due to 
that amount of dead load. The dead load, together with 
twice the live load, is called the gross load. 

The weights of a structure and of its pieces are generally 
dead loads. Stress produced by a screw, as in tightening a 
tie rod, is a dead load. The pressure of earth or water 
gradually filled in behind a retaining wall, and of steam 
got up slowly, of water upon a floating body at rest in it, 
&c., are all dead loads. The weight of a man, a cart, or a 
train coming suddenly upon a structure, is a live load, so is 
the pressure of steam coming suddenly into a vessel, so is a 
portion of the pressure of water upon a floating body which 
is rolling or plunging. The pressure upon a plunger used to 
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pump water is a live load, but that on a piston when com- 
pressing gas is a dead load, the gas being so elastic itself. 
A load on a chain ascending or descending a pit is a dead 
load when moving at a constant speed or at rest, but a live 
load at the starting, and while the speed is increasing, partly 
a live and partly a dead load. The stress upon the coupling 
between two railway carriages is a dead load while the 
speed is uniform, and if the buflfers keep the coupling chain 
tight, the stress is a live load while starting; but if the 
buffers do not keep it tight, but allow it to hang in a curve 
when at rest, then the stress upon it at starting will be 
greater than a live load. 

Examples, 

22. An iron rod in a suspension bridge supports of the 
roadway 2,000 lbs., and when a load of 3 tons passes 
over it, bears one-fourth part thereof. Find the gross load. 
If the rod be 20 feet long, and f of a square inch in section 
find the elongation, E being 29,000,000. 

dead load = 2000 lbs. 

live load = 1680 lbs., equivalent to a dead load 

of 3360 lbs. 

.*. gross load = 5360 lbs. 

, gross load 
stress = ^ 

section 
5360 ^ yj^y j^g p^^ gq j^ 



E 



strain 



•75 

stress 
strain 
stress 

7147 



= -000246 



29000000 
_ elongation 
~ length 
/. elongation = length x strain 



20 X -000246 = -00492 ft. = -06 in. 
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23. A vertical wrought iron rod 200 feet long has to lift a 
weight of two tons. Find the area of section, first neglect- 
ing its own weight; if the greatest strain to which it is 
advisable to subject wrought iron be '0005 and E = 
30,000,000. 

Let A be the sectional area in sq. in. 
kve load = 4480 lbs. is equivalent to a deadload of 8960 lbs. 

3960 



.'.stress = 

E = 

or 30,000,000 =z 



.\A 



"AT 

stress 
strain' 

8960 
A X 0005' 

8960 



•0005 X 30,000,000 
= '597 sq. in. 



24. Find now the necessary section at top of rod, taking 
the weight into account, calculated from the section found 
in last 

200 ft. X -597 sq. in. gives 1433 cub. in. ; reckoned at 480 
lbs. per cubic foot gives 398 lbs. 

Hence live load = 4480 lbs. 



dead load 


- 398 lbs. 


.'. gross load 


-9358 


stress 


9358 
area 


E 


• 

stress 
"~" strain' 


or 30,000,000 


9358 


area x 'OOOS' 


.•- area 


_ 9358 __ 


• • %nx ^cv 


•0005 X 30,000,000 




B 



•62 sq. in. 
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The weight of the rod being greater when calculated at 
this section, a third approximation to the sectional area 
might be made. 

25. Taking now the sectional area at *62 sq. in. find 
average strain and elongation. 

At lowest point 

gross load = 8,960 lbs., 

8,960, 
stress — '^ 

•62 

'''^''' ^ •62x 30,000,000 ^'QQQ*^- 

while strain at highest point is *0005. 

.*. average strain = '000495. 

elongation = -0004.9 X 200 = 098 ft. 

= 1176 in. 

26. A short hollow cast-iron pillar has a sectional area of 
12 sq. in. It is advisable only to strain cast iron to the 
pitch '0015. If the pillar supports a dead load of 50 tons; 
being weight of floor of a railway platform, and loaded 
waggons pass over it, what amount should such load not 
exceed? E = 20,000,000. 

greatest stress = 30,000 lbs. per sq. in. 
gross load i= 360,000 lbs. 

deduct dead load = 112,000 lbs. 
gives a dead load = 248,000 lbs. 

The live load must not exceed one half of this. 

Note. Other considerations limit the strength of the pillar 
if it be long. 
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Resilience. 

Def. The Resilience of a body is the amount of work 
required to produce the proof strain. A weight one half 
the proof stress applied as a live load would produce the 
proof strain, therefore the work done is this weight multi- 
plied by the elongation at pi*oof strain, the distance which 
the weight has worked through; or 

The resilience of a body i= J amount of proof stress 

X elongation at proof strain. 

For comparison among diflferent substances the resilience 
is measured by the resilience of one foot of the substance 
by one square inch in sectional area. 

.'. JK = J proof stress x proof strain, 

R being in foot lbs. when the stress is in lbs. per square 
inch and the strain in feet. 

And now comparing the amount of resilience of different 
masses of the same substance: if two be of equal sectional 
area, that which is twice the length of the other has twice 
the amount of resilience (the elongation being double); also 
if two be of equal length and one have twice the sectional 
area of the other, then the amount of its resilience is double 
(the amount of stress upon it being twice that upon the 
other). That is, the amounts of the resilience of masses of 
the same substance are proportional to their volumes. This 
is true not only for pieces in a state of simple strain with 
which we are in the meantime occupied, but can be proved 
to be universally true for those in any state of strain how- 
ever complex. 

For any substance R being the amount of resilience of a 
prism of that substance one foot long by one square inch in 
sectional area, it follows from the above that the amount of 
resilience of a cubic inch of the substance will be ^V-^ ^^ 
that of any volume will he -^R x volume in cubic inches. 

The resilience of a piece, as defined, is the greatest amount 
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of work which can be done against the elasticity of the 
piece, without injuring its material. 

We can find the amounts of work done upon a piece in 
bringing it to pitches of strain lower than the proof strain. 
For brevity we will call this also resilience. Thus, for a 
piece 1 foot long by 1 square inch in section 

amount of resilence = J stress x strain is pro. to (stress)^, 

the strain being proportional to the sti-ess, hence 

amount of resilience for any stress _ (stress)^ 

the resilience "" (proof stress)^ * 

(flt'TeSR' \ 
1 I. 
p. stress/ 

For a piece of volume V cubic inches, at any stress we 
have either — 

V 
amount of resilience = J stress x strain x ^, 

or = ^ amt. of stress x amt. of strain. 

The amount of resilience of a piece, at the instant a live 
load is appUed, will be the product of that load and the in- 
stantaneous elongation. Let TT be a load the elongation 
due to which is J.. If TT be applied as a live load, the in- 
stantaneous elongation is 2A, and the 

amount of resilience due to a live load TT = TT x 2A, 

If W be applied as a dead load, the amount of resilience is 

steadily that of the piece elongated to an amount A is the 

same as what it would be for an instant upon the applica- 

W 
tion of a live load -^, or 

W 
amount of resilience due to a dead load W = -^ x A. 

Therefore, a live load produces for an instant an amount of 
resilience four times that produced by an equal dead load. 

ExampLes. 

27. A rod of steel 10 feet long and '5 of a square inch in 
section, is kept at the proof strain by a tension of 26,000 
lbs., the modulus of elasticity for steel being 35,000,000. 
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Find the resilience of steel, also the amount of resilience of 
the roA 

proof stress = -^ — = 50,000 lbs. per sq. inch. 

„ _ proof stress 
"" proof strain ' 

r, . . proof stress 
.'. proof strain = p 

50,000 1 



35,000,000 ■" 700 

= '00143 elongation in ft per ft of 
length. 

resilience, R = ^ proof stress x proof strain 

= 1 X 50,000 lbs. X -00143 ft 

= 35*75 ft lbs. of work per vol. of 1 ft 
in length by 1 sq. in. in sectional 
area. 

arat of res. of rod = -B x (vol. expressed in number of 

such prisms) 

=: -~ , R X vol. in cub. in. 

= Y5 X 3575 X 120 in. x '5 sq. in. 

= 1 78*75 foot-lbs. of work. 
Otherwise, to find amount of resilience directly, 

proof strain = -^ ^g, 

total elongation = =t. ft, 

amount of stress = 25,000 lbs., 
amount of resilience = J amount of stress x elongation, 

_ 25000 2 

- 178-6 ft-lbs. of work. 
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28. A series of experiments were made on bars of wrought 
iron, and it was found that they took a set when strained 
to a degree greater than that produced by a stress 20,000 
lbs. per square inch, but not when strained to a less degree. 
At that pitch the strain was *0006. Find the resilience of 
this quality of iron. 

proof stress = 20,000 lbs. per sq. in. 

proof strain = '0006 ft per ft. of length. 

R == J X 20,000 X 0006 = 6 ft.-lbs. 

29. Find how much work it would take to bring a rod, 
of the above iron, 20 feet long and 2 square inches in sec- 
tional area, to the- proof strain. 

volume = 480 cub. in. 

R feet-lbs. of work brings to proof strain a rod 1 feet 
long by 1 square inch in area : that is, of volume 12 cubic 
inches, and amounts of resilience being proportional to the 
volumes. 

work required = ^R , vol. in cub. in. 

zz ^ X 6 X 480 = 240 ft.-lbs. 

amount of res. 480 cub. in, .^ 
Qj. — — — — 40. 

ic 12 cub. m. 

.-. amount of res. = 72x40 = 6x40 = 240 ft.-lbs. 

30. A wooden strut 18 square inches in section, and 12 
feet long, sustains a stress of 1,000 lbs. per square inch. 
Find the amount of resilience of the strut, j& being 1,200,000 
lbs. 

half of total stress = 9000 lbs. 

elongation = '01 ft. 

amount of resilience = 90 ft.-lbs. 

81. Steam at a tension of 600 lbs. on the square inch is 
admitted suddenly upon a piston 18 inches in diameter. 
If the piston rod be two inches in diameter and 7 feet 
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loDg, what is the amount of its resilience at the instant ? 
E = 30,000,000. 

for live load, stress = 97200 lbs. per sq. in. 
gives instant strain = '00324 ft. per ft. of length, 
elongation = -02268 ft. 

resilience of rod = live load x elongation. 

= 48600x lbs. X -02268 ft. 

= 11027r ft.-lbs. 

32. The chain of a crane is 30 feet long and has a sectional 
area equivalent to ^ of a square inch, what is the amount 
of its resilience when a stone of 1 ton weight resting 
on a wooden fiume is lifted by the action of the crane ? 
E = 30,000,000. 

stress = 4480 lbs. per sq. in. 

strain = 000149. 

amount of stress = 2240 lbs. 
elongation = -00447 ft. 

resilience of chain = \ amount of stress X elongation. 

= 5 fi-lbs. 

33. If the chain be just tight, but supporting none of the 
weight of stone, and if now the wooden mime suddenly gives 
way, what is the amoui^t of resilience of the chain at the 
instant ? 

Being now a live Ipad, there is an instantaneous strain of 
double the former amount. 

instantaneous strain = '000298. 

elongation = -00894 ft. 
resilience of chain = live load x elongation. 

= 2240 X -00894. 
- 20 ft.-lbs. 

34. The wire for moving a signal 600 yards distant has, 
when the signal is down, a tension upon it of 250 lbs., which 
is maintained by the back weight of the hand lever ; under 
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the circumstances the wire is stretched l^* feet (see example 
17), and the back weight of the signal, which is 280 lbs., rests 
portion of its weight upon its bed. The hand lever is sud- 
denly pulled back and locks: the wire being more intensely 
strained, the signal is raised by the elasticity of the wire 
partially unstraining. If the point where the wire is attached 
to the signal moves through '2 feet, find the range of the 
point where the wire is attached to the hand lever, also the 
force which must be exerted there. 

When the signal settles up the amount of stress on the 
wire is 280 lbs. 

elongation for 280 lbs. _ 280 
elongation for 250 lbs. "" 250' 

elongation for 280 lbs. = f|? X 1'44 = 1-613, 

additional elongation = *173 ft., 

.'. range of point at lever = range of point at signal plus 

this additional elongation. 

= -2 + 173 

= -373 feet. 

Thus, when the lever is put back there is upon the wire 
for an instant before the signal rises an additional elongation 
of '373 feet. Hence the tension on the wire the instant the 
lever is put back wiU be that due to an elongation of 

(1-44 + -373) ft. = 1:^^+^ 250 lbs. 

= 314-8 lbs. 

This is the force which must be exerted at the point 
where the wire is attached to the hand lever. That is, the 
instantaneous value of the force used to raise the signal is 
34*8 lbs. greater than its weight. 

35. On a chain 30 feet long f of a square inch sectional 
area and having a modulus of elasticity of 25,000,000 lbs. 
there is a dead load of 3,900 lbs. and a live load of 900 lbs. 
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Find the amount of resilience of chain when dead load only 
is on^ also at instant live load comes on. 

jp __ stress 

strain' 

. •. stra.in := ?*^ = __J200_ ^ ,^^^ 

E 25,000,000 ' 

elongation = '006 ft., 

amount of resilience ) , l c l ^ i ^a- 

for dead load J "^ ^ amount of stress x elongation 

= i X 3900 X 006 
= 117 ft..lbs. 

Live load gives an additional elongation equal to that for 
a dead load of 1,800 lbs. 

elongation (due to 1800 lbs.) _ 1800 
•006 ft. "" 3900* 

inst. elongation for live load = qqaa x '006 

= -00277 ft. 

Now both the 3900 lbs. and the 900 lbs. worked through 
this -00277 ft. 

. -. additional resilience = 4800 lbs. x -00277 ft. = 13*3 ft.-lbs. 

amount of resilience at instant live load comes on = 25 ft.-lbs. 

36. A rod 20 feet long and \ inch in sectional area bears 
a dead load of 5000 lbs. Find the live load which would 
produce an instantaneous elongation of another -^th inch. 
E = 30,000,000. 

Arts. 3125 lbs. 

37. A rod of iron 1 square inch in section and 24 feet long 
checks a weight of 36 lbs. which drops through 10 feet 
before beginning to strain it. If jF = 25 000,000, find 
greatest strain. 
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Let p = the stress at instant of greatest strain, then 
strain = -^, 

elongation — — =? , 

amt. of resilience — i amt. of stress x elongation 

= |x^-=12|ft.-lbs. 

Work done by wt. in fallings 36 lbs. x (lO + ^\ ft. 

= 360 + ^ fl.-lbs. 

Equating, If' = ?^ + 360, 

f - 72jp + (36)' :zi 750,001,296, 

^ ^36 =: 27386, 

p — 27422 lbs. per sq. in. 

. •. strain = •001097ft. per ft. of length. 

38. If the weight in No. 37 had fallen through the 10 feet 
by the time it came first to rest and j& = 30,000,000 lbs., 
what is the greatest strain? 

amount of resilience = 360 ft.-lbs., 

ly =360, 

p =: 30,000 lbs. per sq. inch, 
strain = 001 ft. per ft. length. 

39. If the proof strain of iron be "001 what is the shortest 
length of the rod of one sq. inch in sectional area which will 
not take a set when subjected to the shock caused by checking 
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a weight of 36 lbs. dropped through 10 feet ? [E = 30,000,000 
lbs. per sq. inch.] 

Let X = length in feet. 

By hypothesis it comes to the proof strain, hence 

elongation = '001 x aj ft. 

P. stress =^ E X proof strain 

= 30,000 lbs. per sq. inch, 
amount of stress = 30,000 lbs. 
(inst.) amount of res. = J amount of stress X elongation. 

= 15,000 X j^ = 15a; ft.-lbs. 

Equating to work done by weight, 

15x = 360 
a; r= 24 ft. 

Note. This is the shortest rod of iron one square inch in 
sectional area which will bear the shock. The volume of 
this rod is 288 cubic inches, and a rod of iron which has 288 
cubic inches of volume will just bear the shock; as 48 feet 
long by I square inch in area or 12 feet long by 2 square 
inches sectional area. 

The 10 feet fallen through by the weight includes the 
elongation of rod. When the question is to find the shortest 
rod to sustain the shock in the case where the weight faUs 
through 10 feet before it begins to strain the rod the volumes 
of the rods would not be exactly equal for different sectional 
areas, for a long thin rod will sustain a greater elongation 
than a short thick one, and as the falling weight works 
through this elongation over and above the 10 feet the first 
rod will require a greater cubical volume than the second. 

40. Find the shortest length of a rod of steel which will 
just bear without injuiy the shock caused by checking a 
weight of 60 lbs. which falls through 12 feet before beginning 
to strain the rod. First for a rod of sectional area 2 square 
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inches, and then for a rod of J square inch sectional area. 
Given that for steel E = 30,000,000 lbs. and JB = 15 ft-lbs. 

Let A = sectional area in sq. inches and x = length in feet. 

proof stress x proof strain = 2R de£ 

proof stress „ , . 

^ — n—i — r- = E del 

proof strain 

Dividing, (proof strain)^ = -=. 

elongation = y7)7]7\ ^^^^' 
Work done by the weight in falling 
=z60lbs. x(l2 + ^)ft. 

= 720 + L X ft.-lbs. 

Amount of resilience of rod at proof stmn 

= R X Izr^ vol. in cub. in. I 

= R X (length in ft. x sec. area in ^q. in.). 
= 15 X a? X 2 = SQx ft.-lbs. first. 

15 

and 15 — a; — J = -^x „ „ second. 

Equating for first case, 

30a; =: 720 + ^, a:, 

imx = 36000, 

X = 2405 ft. length of rod. 

Equating for second case, 

738a! = 144000, 

X = 195-12 ft. length of rod. 
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For the first case length is 288'6 inches, and sectional area 
2 square inches gives 

volume =: 577'2 cub. inches. 

While for second case length is 2341*44 inches, and sec- 
tional area ^ square inch giving 

volume =: 585*3 cub. inches, 

which is a little greater. See Note to No. 39. 

This may be exhibited generally; putting W, h, and A 
for the weight, the distance dropped through, and the sec- 
tional area, 

work done by weight = W (h + x fj-p\ 

amount of resilience = R . x . A. 

^2R 



/z/t 



.-. x{BA^wf-§)=Wh. 

Wh « 

BA^wf-§ 

voL = A X 12x cub. inches. 



12AWh _ UWh 

2JB "" '^ W I2R' 



^ E An E 

which increases as A decreases. 

41. The greatest (worki/ag) stress which it is safe to apply 
repeatedly to iron being 10,000 lbs. per square inch, what is 
the shortest rod of one square inch in section that may be 
employed to check the fall of a 36 lb. weight through 3 feet 
raised and let fall constantly? 

Length, 64 feet. 
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42. Certain rods of wrought iron are for the same structure ; 
those which will not bear a proof strain of "001 are to be 
rejected. The testing machine consists of a ring weighing 
120 lbs., which, falling through distances marked upward 
on the instrument, catches on a collar screwed on the lower 
end of the rod to be tested, whose upper end is fixed. The 
shock producing the instantaneous strain 001 is repeated 
several times, when if there be no set produced the rod is 
passed. From what height on the scale ought the ring to 
be dropped when testing rods 15 feet long by ^ square inch 
sectional area; also, how high should the collar be above 
^ero ? E = 30,000,000. 

^.^ proof stress 

proot strain 
proof stress =: -001 x E= 30,000 lbs. per sq. in., 

amount of stress = 15,000 lbs., 

elongation = 15 x '001 = ^ f t. = -015 ft, 

amount of resilience = J amount of stress X elongation 

= 7,500 X ~^ = 112-5 ft.-lbs. 

Let X be reading in ft. on scale; then 

work in ft. lbs. =i 120ic, and, equating 
120« = 112-5, 
X = 0-94 ft. 

The collar ought to be above zero the, amount of the 
•elongation, so that the weight may only have descended 
through the 0*94 ft. when it first comes to rest. 

height of collar = elongation 

= -015 ft. 

43. Find readings on scale from which ring should be 
dropped, and at which collar should be adjusted when testing 
20 feet rods IJ square inches in area. 

reading for ring, 3*75 ft. 
reading for collar, 0*02 ft. 
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44 Wooden piles, 2 square feet in section, are being driven 
by a weight of 7,680 lbs. When 20 feet of a pile is above 
ground, what is the greatest height the weight should be 
dropped from, if 4,000 lbs. per square inch be the greatest 
stress it is desirable to put upon the timber? E =i 1,200,000. 
Neglect the fact that the weight falls through the diminution 
of length of strut. 

height = 5 ft. 

45. It is found that the pile sinks 0*2 feet, so that the 
straining of thie timber acts through '2 feet besides the 
elongation. From what height may the weight be dropped 
without fear of injury, considering this ? 

stress = 4000 lbs. per sq. in. 
J amt. of stress = 576000 lbs. 

1 



work 



Kuiaiu — 


300" 




augmentation = 


: - :j\ X -067. 

io 




amt. of resilience 


J amt. of stress x 


(•2 + -067) 




: 153792 ft.-lbs. 




7680 ice + -267) = 


: 153792 ft.-lbs. 




.-. 768005- 


: 153792 - 2050. 






: 151742. 




x = 


: 19-3 ft. 





From observing now the distance the pile sinks from 
this stroke, another greater height may be calculated from 
which it would be safe to let the rammer faU. Should the 
pile, however, come upon a large stone, it might splinter 
when the rammer fell from a greater height than 5 feet. 

46. A mass of W lbs. moving horizontally with a velocity 
of V feet per second is stopped by a chain (Z feet long and 
a square inches effective sectional area), whose other end is 
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securely anchored. Find the greatest pull on the chain, E 
being the modulus of elasticity, and g the acceleration of a 
falling body. 

A = ^ is the height through which W must fall from rest 

to acquire the velocity F. Hence kinetic energy of 

W=: Tf lbs. X Aft. 



^9 



ft.-lbs. 



This work must be done upon W to bring it to rest, hence 
it is the work W will do upon the chain. 

Let P = greatest pull on chain in lbs. at the instant W 
first comes to rest. 

p 

stress = — lbs. per sq. in. 

jy stress 



or strain = 



strain' 

stress _ P 
~E"^ aE* 



PI 
elongation = strain x length = — v,, 

amt. of resilience = J amt. of stress x elongation 

P PI ^ I 



2 ^ aE'^ '2aE' 



I WV^ 
Equating, i^'-g^-^- 



p, ^ aEWV^ 



=v4 



aEW 
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47. A waggon going down an incline is attached to a rope 
worked by a stationary engine. Its weight is five tons, and 
its velocity four miles per hour, when it is suddenly stopped 
by the accidental stopping or reversing of the engine. Find 
the greatest instantaneous pull upon the rope, which is 4 
square inches in sectional area, there being 600 feet of free 
rope between waggon and engine. E = 25,000,000 lbs. and 
^ = 32 feet per second per second. 

amount of res. = \ amount of stress X elongation 

P 6P 3 pg/N ii 

"2 1,000,000 "■ 1,000,000 ^^'^^ 

kinetic energy of waggon = 6023'5 ft.-lbs. 

Equating, P2= 2,007,833,333. 

.-. P = 44,808 lbs. = 20 tons. 

48. A body of mass W lbs., moving with a velocity V feet 
per second, is connected by means of a chain I feet long, and 
of a square inches sectional area, to another body of mass 
w at rest. W and w being great compared to the mass of 
chain, its inertia is neglected. Find greatest pull upon chain. 

As the chain begins to stretch W loses and w gains 
velocity, till both together with chain arrive for the fijpst 
time at a common velocity, at which instant the tension is 
the greatest possible upon the chain, which will now begin 
to contract, causing w to move quicker than TT, again extend- 
ing as TT increases till common velocity is arrived at; finally, 
after many such stretchings and contractings, the chain will 
settle at a fixed pitch of stetin, and all will continue to move 
at common velocity above. 

Let U = common velocity, 

P = pull on chain in lbs. (at instant), 

E = modulus of elasticity of chain, 

WV ^ momentum when w was at rest, 

( TT + te^ C = momentum when at com. vel. 

WV 
Equating. U= y^^^. 

c 
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Owing to W'a velocity being reduced, it has done a cer- 
tain amount of work upon the diain, and since w has acquired 
velocity the chain has done a certain amount of work upon 
it, and the difference of these amounts of work equals the 
amount of resilience of chain. 

From equation h = — , where v is velocity acquired by a 
body falling from rest through h feet, we have 

Q- = ht. W must fall to acquire vel. F, 



and ^ = ht. TT must fall to acquire vel. U. 

F*- IP 

.' . — ^ = ht. W must fall to increase fix)m vel. U 

to vel. F. 

and W. — H = work lost by W. 

2g 

IP 
w . ^= work gained by w, 

diff. of work = ^ | W(Tr- IP) "'"'^ } • 



= i{^^-(^ + ^)^}' 



^9 
Putting for U its value, 



"2^1^^" W + wJ 

- Yl w^ ft IK. 

~ 2g' W + w "•'^'*' 
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Now upon chain 

. -P 1 rr stress 

stress = - and E = 



or strain = 



a strain' 

stress P 



E aE 

PI 
elongation = strain x length = — v,, 

amt. of res. = \ amt.' of stress x elongation. 

Equating to difference of work, 

I r^ . Ww 



P2. 



2aE 2g' {W+w) 



i 



48a. Same problem by method of the Calculus. Let x 
and x^ be the spaces passed through by W and w respec- 
tively, and P the pull upon chain at any time t, hence at 
that instant 

elongation = x^-o^i. 

strain = ^ , ^ def. 

stress = -. 

a 

•p, _ stress PI 



strain a {x^ — x^* 
.',P=^^(x,-a:0 (1.) 
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Since P accelerates w we have its acceleration 

^-Pa-?^(x -X) 

and since P retards W its acceleration 

subtracting, 

^ (a^ 2 - <h) _ _ ^^^ /I . i\ to - a,,^ 

— "cp — -~r \w^ w) ^""^ *i^- 

A differential equation from which (x, — jc,) is to be 
determined. 

Put (ojg— aSj) = c cos {nt — e), 
then^^^^ = -n'^(x,-x,), 






Equating n^ = ^(^^+ 1), 

^ "" V IWw ' 

When i5 = 0, ajg — aj^ = 0. 

.*. = c cos (n^ — e). 

.'. cos (— e) = 0, or e = ^. 

•*• (^2 — ajj = c cos (nt — ^1 

= c sin -yil 

Differentiating, 

dx9 die. . 

-r? ■- -tv = ^<5 cos nt 
at at 
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Since -^ and ^ are the velocities of TTand w, thdr differ- 
ence is zero at instant of greatest strain. 
.-. = -nc cos 7l#. 



TT 



.-. 71^ = (2m + 1) 2> where m is any intcjger. 

. 2m+l . ^. ,,.,™. , 

• * • ^ = — 2^7 — X, gives times at which TTand w come 

to a common velocity. 
When ^ = 0, the difference of W and vf% velocities is V. 



Sub. into 





-^=''- 




.'. F -WrC cos 




iWJ 








P ~ J (aJ2-a?i) 




— -y- c sm ti^ 








_^a 7 




i * n 




_Ea p. . /jragr(F + M;) 
I '^ • i IWw 




y Ea 1 IWw 
' I '^Eag {W + w) 




p. / EaWw 



Ig {W + w)' 



38 APPLIED MECHANICS. 

Other things being constant, this is greatest when W = w, 
for (TT + w) constant. 

Note also that the stress 



^ a \/( 



EWw 



alg{W + w)' 

which increases if a be decreased, although the amount 
of stress P decreases, so that the only way to lessen P with- 

P . . 
out increasing — is to increase I the length of chain. 

49. A mass of 5 tons, intended to act as a dra^ upon a 
ship being launched, is connected by means of a (main 100 
feet long and 8 square inches effective sectional area, and E 
= 25,000,000. Find the greatea^ft pull on the chain if the 
ship, when floating, have inertia equivalent to a mass of 
400 tons, and it be estimated that her velocity will be 20 
feet per second when the drag comes into play. 






oEWw 
IgiW + w) 

8 X 25000000 X 896000 X 11200 



100 X 32 X (896000 + 11200) 

= 20^/691358025 

= 525874 lbs. = 235 tons total pull. 

which is about the utmost stress that wrought iron can 
bear. 
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Internal Stress. 



In the following pages, except specially stated, we pre- 
mise that — 

a. All forces and stresses are parallel to one plane. 

b. That plane is the plane of the paper in all diagrams. 
Hence planes subjected to the stresses we are considering 
are shewn in diagrams by strong lines, their traces. 

c. The diagrams represent slices of solid, of unit thickness 
normal to the paper ; hence, the lengths of the strong lines 
are the areas of the planes. 

d. The stresses are supposed constant both in direction 
and intensity which are normal 

to the paper, or every point on a ^ 

diagram is in the same circum- 
stances with respect to stress 
normal to the paper. I -.,^,jy 

e. The relative position of two 
planes is measured by the angle 
between their normals. 

/. The obliquity of the stress 
to the plane upon which it acts 
is the angle its direction makes 
with the normal to the plane. 

These premises save a great 
deal of wording in the enuncia- 
tions, and, therefore, of apparent 
complicity. 



^f- 



^.. 



pppvppp 




PPPWPPP 



Internal stress at a point in a 
solid in a simple state of strain. 

Let the axis ox be drawn in Fiflr. 9. 

the direction of the stress p. Let 

AA be any section normal to this axis. Since the stress 
is uniformly distributed over AA, the intensity of the 
stress at aU points of the plane AA is the same. Con- 
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aider the point o, the intensity of the stress at o on 
the plane normal to ox is 

_ totaJ stress __ p 
"~ area of plane "~ aa* 

Through o draw any oblique plane, BB, whose normal, on, 
makes the angle 6 with ox. The stress on this plane is in 
the direction ox, and the amount of stress upon it is P (for 
the equilibrium of the parts). But the intensity of the 
stress on bb is less than p, since p is spread over a larger 
area than AA. 

Since aob = 0, 

and ^ = cosaob, 

OA 



OB = 



BB = 



COS 6* 
AA 



or COS e' 

• i.^ ^u ^^ i. ^ «« total stress 
intensity of stress on bb = 



area of plane 
p 



bb 
p 



V COS 6/ 
= — . cos 9 

AA 

= p . COS. 6. 

Hence the internal stress at all points within a soHd, in a 
state of simple strain, is parallel to the direction of that 
stress — ^is greatest in intensity on the plane normal to that 
direction — on any other plane inclined at an angle 6 to last, 
the intensity is one (cosine 0)th part of that intensity, 
and zero on any plane parallel to the direction of the stress. 
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The stress p cos on BB being oblique to bb, it is con- 
venient to resolve it into components normal and tangential 
to BB respectively. 

The arrow ^ cos d represents the stress at the point o 
on the plane bb; &om its extremity perpendiculars are 
dropped on on and bb, which, by parallelogram of forces, 



give p„taid pi^Hie intensities of the 
mal and tangential respectively. 



; cos def, 
= p cos* d. 



p cos Q 

■ ■■ p^ = 

-PL- = sin e. 
J) cos e 

pt =p sin 8 cos $. 



upon BB, nor- 




From the superposition of forces these two sets of forces 
may be considered independently of each other. For some 
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cases in designing it might only be necessary to consider 
one set, if it were manifest that in providing for it there 

. would be more than sufficient 
provision made for the other. 

It is anparent from symmetay 
that for the plane ex:: inclined at 
the angle 6 on the other side of 
the axis the stress is the same in 
all particulars as that on bb. 

On a pair of planes whose ob- 
liquities are together equal to a 
right angle, the intensities of the 
taxLgential stresses are equal, and 
the sum of the intensities of the 
normal stresses equals the inten- 
sity of the initial stress. 

Let BB be inclined at the angle 
6, and dd at the angle 0, 




Fig. 12. 

OnBB, 

OnDD, 
But 



where 



TT 



^ + 0=1- 



\pt =p sinO cos 6. 



Also 



(Pt =2>sin cos 0. 

sin 6 = cos </>, and cos 6 = sin <p. 

pt =pt', or the tangential component 
stresses have the same inten- 
sity on both planes. 

Pn + Pn =P (COS20 + COS^ <f>) 

= p (cos2 e + sin2 d) 



or the sum of the intensities of the normal component 
stresses equals the intensity of the primary stress. 

There are therefore at one point o four planes bb, dd, cc, 
and £E, two inclined on each side of ox, upon which the 
tangential stress has the same intensity. 
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Grouping together the pair of planes bb and £E, the on& 
inclined at 6 on the one side of ox, and the other at </> upon 
the opposite side, and therefore at + 0, or 90° to each other,, 
we find that at any point t%vo pla/nea being chosen at right 
angles to eaxih other the tangential or sheari/ag stresses are 
of equal intensity, and the sum of the intensities of the 
Tiormal stresses is equal to the intensity of the primary stress^ 






fS:'^: 



•/ 



2f*v 




> \ 



For all planes such as bb, dd, &c., that which is inclined 
at 45** sustains ihe tangential stress of greatest intensity, 



for 



pt= p sin 6 cos 6, 

= I sin 2a 

pt is greatest when sin 26 is greatest. 

sin 20 = 1. 
20 = 90° 
e = 45" 



» 



» 



}> 



» 
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The tangential stress on a plane such as bb is called a 
shearvng stress. Many substances fracture under a shearing 
8fcres8 very readily. Kotably cast iron under a strain of 

compression fractures by sheanns: along an 
obU^ue plane, the one ^rtion sf din^fpon 
the other. The resistance then which cast 
iron offers to shearing is that which most 
be considered in designing short pillars to 
bear great loads. The planes upon which 
the ^tensity of the ^earin/stress is 
greatest, that is, planes inclined at 45"* to 
the dir^t thrust, are those upon which it 
will shear. As the texture of the material 
is never homogeneous it may shear along 
planes more or less inclined than 45°, alsS 
the toughness of the skin will cause great 
irregularity. 

Brick stalks give way by the mortar 
shearing, and the upper portion sliding 
down an oblique section like a splice. 




Pig. 14. 



Examples, 

50. A short pillar 2 square feet in area bears a load of 36 
tons, find the intensity of the stress upon a plane section of 
it inclined at 20° to the axis, also the intensities of the 
normal and tangential component stresses on it 

80640 oQAiv • 1. 

V = OQQ = 280 lbs. per sq. mch 

on oblique plane, 
intensity 

Vn 



^ cos = 263*1 lbs per sq. inch, 

pcos20 = 247-3 

p sin cos = 90 „ „ 



51. Find greatest intensity of shearing force on a plane 
section of pillar in last. 
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It will be upon a plane inclined at 45°. 

pt = p sin 45° cos 45° 
lip 

= 140 lbs. per sq. inch. 

52. A stone obelisk weighing 200 tons, and covering an 
area of 10 square feet, stands above a slate formation in- 
clined to the horizontal 10°, find the intensity of the stress 
normal and tangential to the beds. 

pn = 301*8 lbs. per sq. inch, 

pt = 53-2 



j> « 



Compound State of Strain. 

A solid is in a (conipov/nd) state of strain when subjected 
to two or more simple stresses in different directions simul- 
taneously. We proceed to consider a solid in such a state of 
strain without enquiring how it was brought into that state; 
all its parts being supposed to be at rest, and all the parts 
into which it may be divided in equilibrium under the stresses 
exerted among each other, due to their elasticity, and those 
exerted at the external surface : but at the outset we do not 
regard those external stresses. 

Upon any plane passing through a point within the solid, 
the stress at that point is definite in intensity and direction; 
for if along that plane the solid were divided into two parts, 
the mutual pressures between the cut surfaces at that point 
(no matter how complicated) can be compounded into one 
force, definite in amount and direction. Along this plane 
the intensity and direction of the stress varies, and at the 
point wiU only be constant over a very small part of the sur- 
fece round it. If the stress be stated in lbs. per square inch, 
the total stress on this small surface which we are considering 
would be a mere fraction of the intensity. It will be con- 
venient to consider the intensities of these stresses to be 
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expressed, say, in lbs. per milUonth part of a square inch, 
so that in the diagi*ams two or three arrows {each representing 
the intensity) may be drawn to represent the total amount 
of stress upon such small planes, without leading us to the 
supposition that they are of a few square inches in extent. 
And yet whatever results we arrive at are equally true for 
intensities expres^d in the usual units, for the intensity at 
a point on a plane, upon which the intensity varies, can be 
expressed to any degree of accuraxjy in lbs. per square inch. 
Thus, at the point, the intensity of the stress in lbs. per square 
inch equals roughly, nearly, more nearly^ &c. 

Amt. of stress on the sq. in. surrounding point, roughly, 
10 times amt. of stress on the ^th of a sq. in. surrounding 

point. 
100 times amt. of stress on the -rhi^ ^^^ s^* ^* surrounding 

point. 
1,000,000 times amt. of stress on the loooooo^ ^^ of * s^- i^- 

surrounding point, &c., &c. 

Let oao'b be a small rectangular parallelopiped at the point 
o in a solid in a state of strain. 

Let q = intensity of stress on the faces OA and o'b at an 
obliquity a. 

p = intensity of stress on faces OB and o'^A at an obli- 
quity p, 

-The normal components are— 

Pn=P0OB ^, 

qn ^= q cos a. 

The two sets of forces pn directly balance each other, and 
may be removed, and also the two sets gn, leaving the 
parallelopiped in equilibrium under the action of the tan- 
jgential components. 

pt=pQm )8, 

qt = q sin a. 

The amount of tangential stress on OA and o'b is the in- 
-tensity multiplied by area of face. 

= qt . OA. 
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Also the amount on 
each of the faces OB 
and o'a. 

= pt . OB. 

The two forces qt, OA 
form a couple with a 
leverage ob tending 
to turn the parallelo- 
piped in the direction 
in which the hands 
of a watch turn, while 
the two forces pt . OB 
form a couple with a 
leverage OA tending 
to turn it in the oppo- 
site direction. Since 
the parallelepiped is 
in equilibrium un- 
der these two actions 
alone, the moments 
of these two couples 
must be equal. 

Force. Leverage, 
ft . OA X OB 

= 2>t . OB X OA. 

Now the 
multiplied 



lensrth ob 



area OA 
by the 



gives 



the 



volume of the paral- 
lelopiped, and the 
area ob multiplied by 
the length OA also 
gives the volume. 

/. gr, . F = pe . F, 

Hence, at a point 
within a solid in a 
state of strain, the 
tangential compon- 




-^"k 



vntensUies aiutohtLqtutus'atO nT 
stresses apon OA and OS 



D'PCarfi 



<fn,- 



Vtit 



<^csrisL — 




qn 



-< — qn. 
-* qn. 



SormaL camparvmis 




PtPtptKB^^*^ 



InUiLstUes of Van^tniAoL 
componenlf 



qtOA 




ROT "J* 



^Ajrwunts of taitffentuU straa 
Fig. 15. 
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enta of the stresses upon any two plajies through it at right 
angl^ to each other are of an equal intensity. 

Cob. — If it be possible that the Btress upon any plane 
through a point be wholly normal, then will the stress be 
wholly normal upon another plane at right angles to that 
_ plane. 

At a point within a solid in a 
state of strain the directions and 
intensities of the stresses apon 
two planes at right angles to 
each other being given, to find 
the direction and intensity of 
the Btreas upon any third plane. 
Let 3 the intensity of the 
stress at o on the plajie AA.' he 
inclined to the normal at the 
'" i angle a; 

— * Let p the intensity of the 

stress at o on the plane BB be 
inclined to the normal at the 
angle /3; 

These two planes Iwing in- 

«e. !«■ clined to each other at a right 

angle. It is required to find the intensity and direction of 

the stress on a third plane cc' through o inclined at any 

angle 6 to AA. 

Consider a small triangular 
prism OAB at o bounded by 
portions of these three planes. 
It is in equilibrium under 
the stresses q on the &ce Oa, 
p on the face ob, and the re- 

Juired stress r on the face A3. 
t is to be borne in mind that 
OAB is so small that all the 
planes OA, OB, and ab pass 
through the point o. Look 
upon OAB as a small part at 
01 the preceding diagram en- 
larged. 
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Choosing ox and OY along OA and OB as rectangular axes, 
and resolving p and q into components normal and tangential 
to the planes they act upon, we have 

p„ =: 2^ cos j8, normal to OB, 
qn=^ q cos a, normal to OA, 
and pt = p sm /8, tangential to OB, 
qt = q sin a, tangential to oA. 




Fig. 18. 

Since the intensities of the tangential component stresses 
upon the two planes OA and OB must be equal, one symbol t 
is put for both upon diagram 

t = pt =:qt = 2^ sin ^ = 5 sin a. 

Note that OA = ab sin 6, and OB = ab cos 6. 

D 
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Lay off OD = force parallel to the axis ox 

= amount of normal stress on OB + amount 
of tangential stress on OA 

= p„ . OB + ^ . OA 

= jp» . AB cos + ^ . AB sin 6 

= AB (pn COS 6 + t sin 6). 

Lay off OE = force parallel to oy 

= amount of normal stress on OA + amount 
of tangential stress on OB 

= gn . OA + ^ . OB 

= qn.AB aia 6 + t.AB COS 6 

= AB (g» sin + ^ cos 6), 

And completing the parallelogram we have for equilibrium 

RO =: amount of stress on AB in direction and 
magnitude, 

since RO^ = OD^ + oe^ 

= ab2{ (p^ cosd+ ^sin0)2+ (qr, sin0+^ cos 6)^} 

= AB2{p„2 cos2 e + 2pnt siu COS + P sin2 e 

+ q'n^ sin2 e + 2qji sin cos + 1^ cos2 0}. 

Adding 1st and 4th terms, 2nd and 5th, 3rd and 6th within 
the brackets, and noticing in adding last pair that sin2 d + 
cos2 --ly^Q have 

B.0^=AB^{Pn^C0S^e + qn^QiD^e+2t (pn + qn) siu 0COS O + P}, 

Now the intensity of the stress upon AB equals the total 
stress upon it divided by the area of the plane AB. 

RO 

• />■» —— 

= >J{Pn^ cos2 e+q„^ sin2 e+2t (i?„+3„) sin 6 cos O+P); 
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1 X ^^ 

also tan xoii = — 

DO 

OE On sin + it cos 6 • 

= = — ^ T ^ • r, gives XOR. 

OD p^ COS 6 + t sm 6 ° 
Hence the obliquity of the stress r to the plane AB is 

y = NOR 
= XOR - 6. 

Thus we have found r and v, the intensity and direction 
of the stress upon cc' in terms off), q, a and fi. Hence, for 
a body in a possible state of strain, if at any point the 
stresses be given upon a pair of rectangular planes through 
it, the internal stress at tnat point is known. For the same 
point the internal stress might be known from having the 
stresses on different such pairs of rectangular planes. These 
are called equivalent sets of stresses. By a more elaborate 
process we might show that the internal stress at a point is 
known if the stresses on any pair of planes, not coincident, 
be given. 

For some position of the plane cc' the stress OR will 
coincide with the normal ON, and we will have 

■ 

6 = XON = XOR. 



or 



, ri Qn sin 6 + t cos 6 

tan d = /. , , . — h, 

Pn cosd + t sin 6 

sin 6 __ qn sm 6 + t cos 6 
cos 6 ~~ pnCosO + ^ sin ' 



and clearing of fractions 

Pnsin 6 cos 6 + t sin^O = gnsin 6 cos 6 + t cos^ 6, 
:, (pn -qn) sin 6 cos 6 = t (cos^ 6 - sin^ 0). 

.-. -^^^2 sin 6cose = t (cos' d - sin' 0). 
•••^^-sin20 =<cos2 0. 
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8in2g 
•'• cos 2 



=zt. 



or tan 26 = 



Pn - qn 

2t 



Pn-qn 

Two values of 6 diflfering by a right angle will satisfy this 
equation ; that is, there are two planes cc' and f/ inclined at 
an acute angle 6 and an angle 90 + respectively to aa', 
and therefore at right angles to each other, upon which the 
stresses are wholly normal, the value of 6 being such that 
the tangent of twice 6 equals the ratio of sum of the com- 
mon intensity of the tangential stresses upon aa' and bb' 
to the diflFerence of the intensities of the normal stresses 
thereon. 




B 

F 



Fig. 19. 



I 



6t. ' V 






A' 



^a^ 



Fig. 20. 



Now if we know the internal stress at o from having the 
stresses upon the pair of rectangular planes aa' and be' given , 
we may calculate the stresses upon the pair of rectangular 
planes ccf and fi^, and so express the internal stress at o by 
means of this equivalent set. Of all the equivalent sets at o 
this is the simplest by means of which to express the internal 
stress, as the intensities only, of the stresses upon cc' and 
ff' require to be specified, being normal, and the position 
specified of one only of the planes since they are rect- 
angular. 

Let aa' and bb' be the pair of rectangular planes through 
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o upon which the stresses are wholly Donnal, they are called 
the p^Ties of 2}rvncipal stress, the stresses themselves the 
principal stresses at the point o, and the axes ox and OT the 
aa^es of principal stress at that point. 

If the stress be oblique upon 
a plane through a point within 
a solid in a state of strain, and 
another plane be drawn through 
the point parallel to the stress 
thereon, then will the stress upon 
the second plane be parallel to 
the first plane. ^- "- 

At the point o let ^ be the 
stress on the plane bB'. Draw aa' parallel to p, then will 
q be parallel to bb'. ' 

Consider the equilibrium of the parallelopiped OAtfB at o. 

P and p' (the amount of the 
stress on the two faces OB and 
Ao') are equal and in one straight 
line, being drawn parallel to OA 
through B and F, the middle 
points of those faces. Therefore 
they are in equilibrium, and may 
be removed, leaving Q and ^ in 
equilibrium themselves. Hence 
e and ^ are in one straight line, 
and Bs this straight line passes 
through c and z>, the middle 
points of the faces oa and Bd, 
it is parallel to OB ; that is, g is ^ 
parallel to b^. 

These are called a pair of 
conjtigate stresses. Being in equi- 
librium independently of each 
other, these stresses can be con- Fig. ss. 

sidered separately. 

Cor. The principal stresses are also conjugate. 
In the following examples the stresses are positive. 
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53. At a point within a solid tho stress on a plane bb' 
through it is 90 lbs. per square inch, and inclined to the 
norinal at an angle of 20°, 
while the normal compon- 
ent of the stress on another 
plane through it (ajl' at 
right angles to bb) is 60 
lbs. per square inch. Find 
"" the total stress upon this 
other plane. 
Given stress on bb' 

j}^90and/3 = 2O°, 
normal component 

y„ = 90.cos20''=84«, 
tangent, component 
Kg. S3. ^[ = 90 . sin 20* = 3078. 

Let 5 he the required stress on aa' and a its obliquity, 
its normal component §„ = 60, 
and q^ = ■p^ = 3078. 

Hence <l = g„'-|- qt = 454i7"4, 

q = 674 lbs. per sq. inch, 



The total stress on AA.' is 67'4 lbs. per square inch, and is 
inclined at 27° T to the normal. 

54. aa' and bb' are a pair of rectangular planes through a 
point within a solid, the stress on bb' is 3280 lbs. per square 
inch, and its obliquity ia 10°. The normal component stress 
on aa' being 2000 lbs. per square inch, find the intensity 
and obliquity of the total stress upon it. 

q = 2080 Ihs. per sq. inch. a = 15° 57'. 
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55. In last find the stress on cc a third plane through the 
pomt inclined at an angle of 30° to bb'. See diagram to 
general proposition, page 49, which is drawn to scale for 
this example. 

Pn = 3280 cos 10^ qn = 2000, t = 3280 sin 10° or 2080 sin 16°. 
= 32301. =569-5. 

Lay off along ox the total amount of stress parallel to its 
direction. 

OD := amt of normal stress on OB + amt. of 
tan. stress on OA 

= jp» . OB + ^ . OA. 

= Pn • AB COS + < . AB sin 

= AB {pn COS + ^ sin 6) 

= AB (32301 X COS 30° + 569*5 sin 30^ 

= AB (2797-4 + 284-8) = 3082-2 ab. 

Lay off OE =: total stress parallel to axis OY 

= amt. of nor. stress on OA + amt. of tan. 
stress on ob . 

= g'n . OA + ^ . OB 

=: Jn . AB sin + ^ . AB COS 6 

=: AB (qn Qin 6 + t COS 0) 

- AB (2000 sin 30^* + 5695 cos 30°) 
= AB (1000 + 404-6) = 1404-6 ab. 
now or2 = od2 + oe'= 11472700 abI 

OR — 3387 AB total stress on AB, 

total stress on ab 
area of AB 

OR 

= — = 3387 lbs. per sq. inch. 

AB 

., , OE 1404-6 ,^^^ 

Also tan xor = — = o/ao^-^ = '4oo/. 

OD 3082-2 

XOR - 24** 30' and y =: xor - 30 = - 5' 30'. 

The intensity of the stress on cc' is 3,387 lbs. per square 
inch, and is inclined at an obliquity of 5° 30'. 



and 



r 
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56. In example 53 find the intensity and obliquity of the 
stress on a third plane through the point inclined to bb' 
at 5°. 

r = 93-8 lbs. per sq. inch, y = 17° 28'. 

57. The internal stress at a point within a solid in a state 
of strain being given 240 lbs. per square inch, of obliquity 8° 
on one plane be' through it, and 193 lbs. per square inch, of 
obliquity 10°, on the rectangular plane aa'. Find the position 
of the planes of principal stress. 

.^ipt =240 sin 8*^ =33*4, 
^^ {qt =193 sin 10°=: 33-4. 

These must be equal or the stresses as given are im- 
possible. 

Pn = 240 cos 8° = 237-6, 
gn = 193 cos 10*^=190. 

Let 6 be the inclination of the planes of principal stress 
to the plane bb'. 

tan20zz: — ^^ = 1-4034. 
:. 20 = 54° 32' or 234^* 32' 



^^ 



•^:s?;>' 



\ 



d = 27° 16' or 117° 16'. 



,i tf7\ If bb' be the plane upon which the 

f ^''\ given stress is 240, and ox the normal 



<^ to it, then cc' and dd' are the planes of 

^"^ / principal stress whose normals ON and 

v^; OM make 27'' 16' and 117*" 16' with ox 
respectively. 



J) 

Fig. 24. 



58. Find the principal stress in example 57 ; that is, find 
the stress upon a third plane cc', inclined at 27° 16' to bb'. 

OD = 2>n . OB + ^ . OA 

= AB (pn COS + ^ sin Q) 

= AB (237-6 COS 2r 16' + 334 sin 27° 16') 

= 226-0 AB. 
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OE = g^n . OA + ^ . OB 

= AB {qn BlliQ + t COS Q) 
= 1167 AB. 

or2 = od2 + oe2 = 64910 ab2. 
OR = 254-8 AB. 

r = — = 254*8 lbs. per sq. in, 

AB 

and is of course normal. 

In finding the other principal stress— that is, on third 
plane dd', inclined at 117'' 16' to bb', we may use the func- 
tions of this angle and proceed 
as above, observing signs ; but 
it is better to take the func- 
tions 

of DOK = 62° 44', 
when OA = AB sin 62° 44', 

and OB = AB cos 62° 44'. 

OD = J^n . OB — t , OA, 

since t acts against jp^ 

= AB {pn COS 62" 44' — ^ sin 

62° 44') 

= AB (108-86 - 29-69) 

= 79-17 AB. 
OE = jrt . OA — < . OB, since t acts against qn 

- AB {qn sin 62° 44' - t cos 62° 44') 

=: AB (168-89 - 15-3) 

= 153-6 AB. 
so2 = od2 + oe2 = 29858 ab2. 
so = 172-8 AB 

s =^1=: 172-8. 

AB 




Fig. 25. 



The principal stresses are 2548 and 172-8 lbs. per sq. inch. 



58 APPLIED MECHANICS. 

59. In Ex. 57 find the stress on a plane gg' inclined at 
30' 39' to bb'. 

Directly from data as given in 57, 

OD = pn. OB + t . OA 

= AB (pn cos 6 + tBin d) 

= AB (237-6 cos 30** 39' + 334 sin 30'' 39') 
= 221 AB. 

OE = g^^i . OA + ^ . OB 

=r AB (g^nsin + tcoa 6) 
= AB (190 sin SO'' 39' + 33-4 cos SO'' 39') 
= 125-59 AB. 
or2 = od2 + oe2 = 64792 ab^. 
OR = 254*5 AB. 

r = — = 254'5 Ibs^ per sq. in. 

AB r ^ 

Also tan X0R= — = -5673. 

OD 

.-. XOR = 29° 34' 

y = - XOR = SO"" 39' - 29' 34' 
= 1' 5', obliquity of r upon gg'. 

To find the stress upon gg by finding the principal stresses, 
first as in 58, and then finding the stress upon GG from 
these. 

The plane of greatest principal stress cc' is inclined to Bb', 
the given plane, at 27° 16' ; hence gg' will be inclined to cc' 
at 3" 23'. Hence we have the principal stresses 254*8 and 
172*8 to find the stress upon gg inclined at 3° 23'. 

Since there are no tangential stresses on co' and dd' we 
have 

OD = p.OB 

— p .AB cos 6 

= AB . 254*8 cos 3° 23' 

= 254-3 . AB. 
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= q,AB sin 6 

= AB 172-8 sin 3^ 23' 

= 10-2 . AB. 

or2 = od2 + oe2 zzz 64764 ab^. 
OR = 254*5 AB. 

r =: -^ = 254'5 lbs. per sq. in. 

AB r u 

tan X0R==-^-= 04011. 

OD 

XOR = 2° 18'. 

y = 6'-X0R = S' 23' - 2° 18' 
= V 5', obliquity of r on gg'. 

60. At a point within a solid in a state of strain, the 
stresses upon a pair of rectangular planes through it are 
given — on bb' the intensity of the normal component stress 
is 40, on aa' the intensity of the normal component stress is 
30, and the tangential component stresses are each of inten- 
sity 10. Find the obliquity to bb' of the planes of principal 
stress, and find the principal stresses. 

Tan 2 = 2. .-. = 3r 43' and 121*43'; 

fn^^ Q10 .Q, fOD = 39-281 AB) .a.^ 

for e= 31 43 I ^^ _ 24-277 AB | '•• ^' = ^^^> 

fore -121*4^1^^ = ^2'^^^^^ I . __93.o 
lor V - izi 4jd j ^g ^ 20-26 AB j- • • « - ^'^ »• 

61. In 60 find the stress on a plane inclined at 46° 43' to 
bb'. Deducting 31* 43', we find the plane to be inclined at 
IS' to the plane of greatest principal stress. 

Using results of 60, and t being then zero, 

r = 45 and y = 7° 8'. 
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Rankine's Method of Ellipse of Stress. 

The preceding method of finding the stress upon any par- 
ticular plane through a point at -which the state of strain is 
known, is too tedious to be readily remembered or apphed, 
and becomes intricate when the stresses are some thrusts 
and others tensions. We now proceed to a general method. 
Having already proved that there is a pair of principal 
stresses at a point, we proceed, upon the supposition that 
these are given, to find the stress on a third plane through 
the point 

Equal-like pHncipal stresses. If the pair of principal 
stresses at a point he hkc 
y (both thrusts or both ten- 

sions), and be of equal 
intensity, the stress on 
any third plane through 
the point is of that same 
intensity, and is normal 
to the plane. 

Let aa' and bb' be the 

planes of principal stress 

at the point o, and let 

the intensities of the 

principal stresses, p and 

q, be equal and alike' 

(both thrusts). I 

cc' is any third plane through o, inclined at to aa'. | 

OAB is a small triangular prism at o, having its faces in 

those planes. This prism is in equilibrium under the three 

forces — the total thrusts under OA, ob, and AB. 

Lay off OD = total stress parallel to oy^y i 

= P .OA, ! 

and OE = total stress parallel to OJ^ W | 

= 5 . OB. 

Complete the parallelogram. J 
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Then RO represents the total stress on ab in direction 

and amount. 

X ^^^ OE q ,OB OB . 

tan ROD = — = ^ = — , since p = q. 

OD p.OJL ojl jt ^ 

,\ ROD = OAB 

= 0, .*. OR is upon ON. 
Hence RO is normal to AB. 



And 



Now 



R02 = 0D2 + OE^ 

= pKox^ + g2.0B2 

= p^ (OA^ + OB^), as 2> = <Z> 

= p^ . AB^. 
ViO = p . AB. 

amount of stress on AB 
r = 



area of ab 

_ RO 
~~ AB 
= p or q. 

Cor. Every plane through o is a plane of principal stress. 
Each point in a fluid is in this state of strain. 

Equal'Unlike principal stresses, — If the pair of principal 
stresses at a point be unlike (one a thrust and the other a 
tension), and be of 
equal intensity, the 
stress ,on any third 
plane through the 
point is of that same 
intensity, and is in- 
clined at an angle to 
the normal to the 
plane of principal g^-$.2i^^ 
stress, equal to that ^^*nS4^^ 



pp 



which the normal ?< 
to this third plane a-, ft 
makes therewith, but ^ ^^ 

upon the opposite side. 



W 



pp. 





-JTT 



pppp 



Fig. 27. 



Let aa' and bb' be the planes of principal stress at the 
point o ; p and q the intensities of the principal stresses of 
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equal value, p being a thrust and q a tension ; and cc' any 
third plane through o inclined at to aa'. 

OAB, a small triangular prism at o bounded by these three 
planes, is in equilibrium under the three forces, viz., the 
amounts of stress on its faces OA, OB, and ab. 

Lay off OD = total stress parallel to ox, 
= p , OA, 
and OE = total stress parallel to oy in the direction of g, 
= g . OB. 

Complete the parallelogram odre. Then RO represents 
the total stress on ab in dii*ection and amount. 

, OE (7 . OB OB ^ 

.*. tan ROD = — = ^ zz — =zi tan oab 

OD p . OA OA 
ROD = oab = ft 

That is, RO is inclined at the same angle to the axis ox as 
ON is, but on the opposite side. Hence the inclination of 
RO to the normal ON is 2 ft 

Again RO^ = OD^ + oe^ 

= p2 0A2+ g2 0B2 
.-. RO=:|>.AB, 

_ amount of stress on ab 
~ area of ab 

_ RO 

~" AB 

=L p ov q. 

Consider the triangle of forces oer, we have oe drawn 
from o in the direction of q, then er drawn from E in the 
direction of p ; hence RO, taken in the same order, is the 
direction of r. 

If Q be greater than 45°, r is like q. 

If Q equals 45*, r is entirely tangential to ab. 

If Q be less than 45'', r is like p. 



ELLIPSE OF STRESS. 



63 



VTPV 



e 






Hence, if the principal stresses at a point be equal and 
unlike the stress on a third plane, is of that same intensity, 
is like the stress on the plane it is least inclined to, and its 
direction is inclined to the axis at the same angle as the 
normal is, but upon the opposite side. If the new plane be 
inclined at 45*, the stress is entirely tangential. 

The principal stresses at a 
point within a solid in a state 
of strain being given, to find 
the intensity and obliquity of 
the stress at that point on a 
third plane through it. 

aa' and bb^ are the planes 
of principal stress a,i O; p and 
q are the principal stresses. 
Let p be the greater, and let 
them be both positive, say 
both tensions. It is required 
to find r, the intensity of the 
stress upon cc', and y, the 
angle it makes with on, the 
normal to cc'. 6 is the inclin- 
ation of cc' to aa', the plane 
of greatest principal stress. 

Of two 'unequal quantities 
the greater is equal to the sum 
of their half sum and their 
half differeTicey while the lesser 
equals their difference. 
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Fig. 28. 



.-. p =z ^—^ + ^-^, an identity. 



anda-^*-^"* 
ana g _ ^ 2 ' 



f> 



We may look upon the plane aa' as bearing two separate 
tensions of intensities - ^ "Z and ^-^-2 in lieu of the 
tension of intensity p ; and on the plane bb' as bearing a 



teDsion of intensity 
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^ and a thrust of intensity 



P^ 



in lieu of the tension of intenaity q. We may now group 
these together in pairs, thus : the tension on aa of intensity 

^ 'Z— along with the tension on BB* of intensity ^-n- , 
and the tension on aa' of intensity ~g— along with the 
thrust on be' of intensity ' — ^ -. Then find separately for 




ff 



each pair the stress upon cc', and finally compound these 
two stresses on Cc' by means of the triangle of forces. The 
first pair is a pair of equal-like principal stresses (both 

tensions of intensity — s— -)• So the consequent stress on 

cc' will be a tension of intensity ' „ " , and normal to cc'. 
The second pair is a pair of equah-unlike principal stresses 
of intensity ., (a tension on aa' and a thrust on bb'), 
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so the consequent stress on cc' will be of intensity ^ ^ ^ 

and inclined at an angle 6 upon the side of ox opposite from 
that upon which ON is. 

Figure shows these partial resultant stresses on ab, a 
very small part of cc', at o. To 
find the total resultant stress upon 
cc', it remains to compound these 
by the triangle of forces. From .^ 

lay off OM =z ^-i-2 = the in- 
tensity of the first partial stress 
and in the direction thereof, i.e., 
along ON. From M draw MR 



.Ji" 




2 



= the intensity of the 



Fig. so. 



second partial stress and in the direction thereof, i.e. parallel 
to OS, which direction is most conveniently found by describ- 
ing from M as centre with radius MO a semicircle QOP, and 
joining QMP. 



r 



vi5 




Fig. 31. 



Then, will OR, the third side of the triangle OMR, taken in 
the opposite order (see arrows) be the direction and intensity 
of the resultant stress r on cc'. 



E 
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The preceding construction, as shown on last figui-e, is 
geometrically all that is required, p and q being given to 
find r ; the text and figures given before being the develop- 
ment and proof. 

From the construction note that 

MP == MQ = OM = (^ ; 

also QR = MQ + MR 

- 2 "^ 2 

= p, 

and PR = MP — MR 

■" '2 2 

RMN =: 20, 

ROM — y, the obliquity of r. 

Normal and tangential components of r, the stress 
on the third plane cc'. 

Drop RT perpendicular to on. 
The tangential component of r is 

Tt = RT 

= MR sin RMT 

= P.pL sm2e 

— (i'""?) sin Q cos Qy 
since sin 20 

= sin (0 + &) 

= sin Q cos Q + cos Q sin fl 

= 2 sin cos Q, 



\ 




Fig. 32. 



Cor. — If dd' be the plane at right angles to cC, its inclin- 
ation to the axis ox being 0' = (0 + 90"), the sine of which 
equals cos Q and the cosine of which equals — sin ; the 
value of Vt for dd' will be the same as above, that is, the 
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tangential compoDents of the stresses on any pair of rec- 
tangular planes is the same. This we arrived at by the 
general method, page 42, which compare. 

The normal component of r is 

Tn = OT 

= OM — MT 

=: OM — MR COS RMT 

:= CM + MR COS RMN 

(These two angles have the same cosine, but 
of opposite sign.) 

= CM + MR cos 26 

= CM X 1 + MR . COS (0 + 6) 

= ^ J-* (cos^e + sin20) + SJZI (cos^e - sin20) 

= p . cos^O + q . sin^d. 

Cor. — If 8n be the normal component of stress on dd' the 
plane at right angles to cc', whose inclination to ox is 
ff =z(e + 90°), then 

«» = jp cos^^' + q sin*0'. 

But cos 0' = — sin 6, and sin 0' = cos 6, 

8n = p sin^ 6 + q cos' 6. 

Now, Tn = p cos' 6 + q sin^ 6, 

and adding, we get 

8n + r,, =: p (sin^e + cos20) + q (sin^O + cos'0) 

= P + q- 

That is, the sum of the normal components of the stresses on 
any pair of rectangular planes is equal to the sum of the 
principal stresses. From these two corollaries verify Ex. 
58, where principal stresses are found ; and Ex. 57, where 
the normal components on a pair of rectangular planes are 
found. Verify Ex. 60, which could have been solved by 
these two corollaries arithmetically. 
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As cc' moves through all positions, M moves in a circle 
round o, and R moves in a circle round M, OM and MR keep- 
ing equally inclined to the vertical on opposite sides of it. 




Fig. 88. 

The diagram shows their positions for eight positions of the 
plane cc'. The locus of R is an ellipse, the major semi-axis 
being 

OR4 = OM^ + M^R^ 

"" 2 "^ 2 
and the minor semi-axis is 

ORj = OM, - MjR, 



2 



2 



= ?• 
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This is called the ellipse of stress for the point o within a 
solid in a state of strain. Its principal axes are the normals 
to the planes of principal stress, the principal semi-axes 
being equal to the intensities of the principal stresses. The 
radius-vectors OR^, oi^, &c., are the stresses in direction 
and intensity upon the 
planes at o to which 
OMg, OM3, &c., are respec- 
tively the normals. 

The ordinary tram- 
mel for constructing 
ellipses consists of a 
piece like PRQ, whose 
extremities P and Q 
slide in two grooves, 
xox and toy, at right 
angles to each other, 
while the point R traces 
an ellipse whose semi- 
axes are PR and QR. 

When Q arrives at o, 
R is at A and OA = QR 
= p ; when P arrives at 
o, R is at B and OB = 
PR = gr (page 66). 




Fig. 34. 



Taking o as origin, the co-ordinates of R are 
• X = om ; y = on. 

X = nn = QB, . cosO = p . cos 6; 
and y = mR = PR sin = g sin ft 

I cos 6, and - = sin 6. 






X 

P 
.2 



^, = cos20 + sin^e 
= 1, 



the ordinary equation to an ellipse in terms of the semi 
axes p and q. 

If jp and q are both thrusts, it is convenient to consider a 
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thrust positive, and the proof is exactly the same, all the 
sides ot OMR representing the opposite kind of stress from 
what they did in last case. 

When p and q are unlike, the kind of stress of which the 
greater p consists, is to be considered positive. 

Thus, if j9 > g and jp, a tension while g is a thrust. The 
preceding proof will nold if q be considered to include its 
negative sign ; but in this case if ( — g') be substituted for g, 
we have 

OM = ^— "— , and MR = ^-t-^. 

Hence, the proposition is proved generally. 

It is important to notice that OM and MR are both always 
positive, that is like p the greater principal stress, and that 

OM > MR, if g is positive (like p)y 
and OM < MR, if q is negative (unlike p). 

An advantage of this geometrical method, the ellipse of 
stress, is that we are now in a position to examine the value 
and sign of r, the stress upon a third plane cc', and of its 
normal and tangential components for special positions of 
that plane. OM is always normal to cd, while MR generally 
is resolvable into two components, one tangential to cc' and 
the other normal, which last has to be either added to, or 
subtracted from, OM to give the total normal* component 
according as omr is an obtuse or an acute angle. 

a. Positions of cc for which r the stress upon it will have 
the greatest or least value. 

Since OM and MR are constant, or increases as the angle 
OMR increases, is greatest when omr = 180** and OM and 
MR are in one straight line and a continuation one of the 
other when 

OR = OM + MR, 

P + q , p—q 

or r = ^^^ + - 2 ^ ^^ ' 
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and OR is least when ^ omb is zero, and OM and MR again in 
one straight line, but MR lapping back on CM, when 

OR — CM — MR, 

p + q V-q 
or r = ^-^ ""2^ ~ ^* 

Hence the planes of principal stress are themselves the 
planes of greatest and least stress. 

b. Position of cc' for which the intensity of the shearing 
stress has the greatest value. 

As CM is always normal 
to cc' it does not give 
any tangential component, 
whereas MR assumes all po- 
sitions as ccT changes, and 
will give a component tan- 
gential to cc', which will be 
the greatest possible when 
MR is altogether tangential 
to cc'. Hence the position 
of cc', which makes MR 
parallel to CC', is that for 
which the shearing stress 
has the greatest possible 
intensity. 

V — q 

Hence intensity of shearing stress = MR = ^-^ . 
And since MR is parallel to cc and cm normal to it, 

.-. OMR = 90^ 
and triangle mop being isosceles, we have 
Q = inclination of cc' 

= MOP 

And we know that the tangential stress is the same on 
the section perpendicular to cc. That is, the planes of 
greatest tangential stress are the two planes inclined at 45° 
to the axes. 




Fig. 35. 
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We saw (page 44) that cast iron subjected to a simple 
thrust would give way by shearing along the plane inclined 
at 45° to the thrust. We now infer that if it be in a com- 
pound state of strain it will most readily give way by shearing 
along a plane inclined at 45** to the planes of principal stress. 

c. Position of ccT for which the toted stress r upon it will 
he enti/i^ely tangential. 

When q is like jp, it is impossible for the stress to be 
entirely tangential to cc', because OM > MR, and however 
acute OMR may be, the normal component of MR, which has 
to be subtracted from OM to give the total normal stress, 
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Fig. 36. 



cannot be greater than MR itself, and consequently is always 
less than OM, and so there will always be a remainder; 
that is, for all positions of cc' there is a normal component 
stress, and the total stress can never be entirely tan- 



gential. 



But when q is unlike ^, then OM < MR, and for the par- 
ticular position of cc', when the angle omr is of such an 
acuteness that the normal component of MR, which has to 
be subtracted from OM to give the total normal stress, is 
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exactly of the same length as om ; then the total normal 
stress will be zero, and the total stress r entirely tangential. 

This occurs when R is in one straight line with cc. ROM 
is then a right angle, making MO the normal component of 
MR, equal and opposite to om, which it destroys, leaving the 
total streas or tangential to cc'; its magnitude is found thus : 

or2 = MR' - om2 (Euc. L 47). 

i.e.y the stress on cc' is the geometrical mean of the principal 
stresses. Also 

26 = rmn, 
cos 26 = cos RMN 

= — cos RMO 

_ MO 
~" MR 

p + q' 

which determines 0, the position of ec' for which the total 
stress is tangential. 

Here we must guard against supposing that the above is 
the position of cc for which the tangential stress has the 
greatest intensity, for case (6) holds for all conditions of p 
and q ; that is, the tangential stress on cc' when inclined at 
4)5°, although only a component of the total stress, will be 
of greater intensity than the total tangential stress in 
case (c). 

d. Position of cc' for which y, the obliquity of the stress 
thereon, is the greatest possible. 

When q is unlike p, case (c) is the solution, for in it 
y = RON = 90**, the greatest possible. 
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When q is like p, OM > MR ; and the obliquity of OR, the 
stress on cc' is greatest when y = ROM is the greatest 
possible of aU triangles constructed with OM and MR for two 
of their sides. This occurs when ORM is a right angle. 

For suppose the tri- 
angle OMR constructed 
with ORM not a right 
angle; then drop mr' 
at right angles to or. 
It is evident that mr' 
is less than MR. Now 

MR' . . 

sm ROM= — IS fireat- 

MO ^ 
.- est when mr' is great- 
est ; that is, when mr' 
= MR ; that is, when 
ORM is a right angle, 
and ROM is greatest when its sine is greatest. 

In this case the intensity of the stress is 

or2 =l oys? — mr2, 




or 



= (^)' - e^y 



r = ^^pq, 
a geometrical mean between the principal stresses. 
Also 20 = RMN, 
cos 20 = cos RMN 

MR 



= — cos ROM = — 



OM 



p + q 

which determines 0, the position of cc' for which the stress 
has the greatest obliquity possible. 

Note that these values of r and cos 20 are the same as 
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those of (c), and that whether p and q are like or unlike. 
But this is not the case with y, the obliquity, which is 90"^ 

when p and q are unlike, and has — -- for its sine when 

p + q 
p and q are alike. 

Examples. 

62. At a point within a solid in a state of strain the 
principal stresses are tensions of 255 lbs. and 171 lbs. per 
square inch. Find the stress 
on a plane inclined at 27° to 
the plane of greatest principal 
stress (converse of Ex. 58). 

Data, p = 255, q = 171, 
and = 27^ hence ^* 
=: 213 and ^-^ = 42. 

Construction, ox and oy, 
the axes of principal stresses, 
draw ON the normal to cc', 
making XON=0=27°. Lay 

off along it OM = ^-4^^ 

= 213. From M as centre 
with radius MO, describe 
semicircle poq and join PMQ; 
lay off from M towards P, 




So o 

IJLLJUJXl.t I I.. 



100 



too 



900 

3 



MR =-2 



= 42. This con- 



Fig. 38. 



struction makes MR to be inclined to ox at an angle 6 = 27°,. 
but upon the opposite side of it from OM. 

Looking upon the principal stresses as a pair of like 
principal stresses, tensions of intensities 213, together with 
a pair of unlike principal stresses, a tension and a thrust of 
intensities 42. Then OM represents a tension 213 upon 
plane cc' due to first group, and MR the tension 42 upon 
cc' due to second group; hence OR, the third side of the 
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triangle, taken in the opposite direction, represents the total 
stress upon cc' in direction and intensity. 

0R2 = OM^ + MR2 — 20M . MR COS OMR, 

but COS OMR = — COS RMN = — COS 26. 
.-. 0R2 i= OM^ + MR2 + 20M . MR COS 2ft 

r2 = 45369 + 1764 + 17892 cos 54° 

= 57649. 
r = 240 lbs. 



Also . ^^ 

sin 20 



.'. sin y 



sm ROM MR 



sm OMR 
42 



240 
= 14158. 



r 
X sin 54 



r il o 



y =: 8' 8 , 

and figure shows that r is upon the same side of the normal 
as ox. Also r is a tension, since or is like OM. 



63. In 62 find the intensity 
of the tangential stress on that 
plane through the point upon 
which the tangential stress is of 
greatest intensity. 

The plane is that which is 
inclined at 45° to the axes of 
principal stress. 

Since OMR is 90°, MR is the 
tangential component of OR, 

n = MR = ^ 2 -^ 
= 42 lbs. per sq. in. 




Pig. 89 
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64. In 62 find the obliquity to the plane of greatest prin- 
cipal stress of that plane, through the point, upon which the 
stress is more oblique than upon 
any other ; also find the stress. 

OM and MR being constant, the 
angle mor has its greatest value 
when MRO is a right angle. 

Construction — Upon OM describe 
a semi-circle ; from M as centre, 
with radius MR, describe an arc 
cutting the semicircle in R; join 

OR, 

cos 20 = cos RMN 




:= — COS OMR 

_ MR _ P — ? _ 
~~ OM ~~ P + i~~ 

= - 19718. 



Fig. 40. 



42 
213 



.'. 26 — 101** 22' obtuse, cosine being negative. 
/. d = 50^ 41', obliquity of cc'. 



9-2 = 0R2 = OM^ 



MR' 



^ /i>_+ 3y_ /£.- ?y 

= p.q; 
/. r=:Jp~q = M/m05 

= 208*8 lbs, per sq. in. of tension like OM. 
and sin y = sin RON 

= ^^ = -19718. 

MO 

.-. y = 11^22', obliquity of r. 



65. The principal stresses at a point being a tension of 
300 lbs. and a thrust of 160 lbs. per square inch. 

Find (a) The intensity, obliquity, and kind of stress on 
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a plane through the point, inclined at 30° to the plane of 
greatest priQcipal stress ; (b) Find the intensity of tangen- 
tial stress on the plane upon which that stress is greatest; 
■and (c) Find the ioclination to the plane of greatest prin- 



Hjipal stress of that plane upon which the stress is entirely 
tangential and the intensity thereof. 

Data, p — 300; g — — ICO, consideriDg a 
tension positive ; 

.■. ^ g^-" = 70 tension likep; 



and ±— g -^ = 230 tension like p. 

(a) CoTist. — Draw on at 30° to ox. Lay oflF cm = 7ft 
From M as centre, with radius mo, describe semi-circle POft 
Lay off MR ;= 230. Then or, the third side of the triangle 
OMR, taken in the opposite order, is the stress on cc' in 
direction and intensity. 
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OR* = OM^ + MR2 — 20M . MR COS OMR 
— OM* + MR* + 20M . MR COS 26. 

7-2 - 4900 + 52900 + 16100 

= 73900, 

r = 272 lbs. per sq. in. 

, sin V sin ROM MR 
and i A = . 



sin 26 sin RMO OR' 
sin V = ^ sin 60** = 7323. 



sin RMO 

_ 230 . 
y- 272 

y = ^T 5', being acute, OR is like om, a 
tension. 

(6) Take 6 = 45^ 

re = MR = 230 lbs. 

(c) On MR describe a semicircle, and from M with radius 
MO describe arc cutting it at o. 

RMN = 26. X 

■ 

cos 20 = cos RMN 

= — COS RMO 

_ _ OM __ _ 70 

~ MR ■" 230 
= - -3044, 
26 = 107'' 44', 

=:53^52', obliquity of 

plane, upon which 

the stress is entirely 

tangential. 

?*2 =: OR* 

= MR2-0M2 ^•42- 

. ==52900 -4900 or (?^«+i««/-(?««^) 

= 48000 or 300 x 160, 

ri= 219 or s/p-q* 

Note that, though r is entirely tangential, it is less than 
n was in (6). 
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66. At same point as 65, find intensity, kind, and obliquity 

of a stress on a plane 
inclined at 85' to the 
plane of greatest princi- 
pal stress. 

Since > 53° 52', > 
the obliquity of plane 
upon which the stress 
was wholly tangential, 
OR will make with ON 
an angle greater than 
90^ and OR will be un- 
like OM, and therefore a 
thrust. 

Ans. r = 161'5 lbs. per sq. in., 
y = 165° 41'. 

67. The principal stresses on AA' and bb' are thrusts of 60 
lbs. per square inch. Find direction and intensity of the 
stress on a third plane cc' inclined at 65° to AA'. 

Ans. A thrust of 60 lbs. per square inch normal to CC'. 

68. The principal stresses on aa' and bb' are of the equal 
intensity of '34 lbs. per square inch, being a thrust on aa' 
and a tension on bb'. Find the direction and intensity of 
the stress on a third plane cc' inclined at 65° to AA'. 

Ans, A tension of 34 lbs. per square inch, its direction 
being inclined at 65** upon the other side of ox from that 
to which ON is inclined. 

69. The principal stresses on aa' and bb' at a point o are 
a thrust of 94 lbs. and a thrust of 26 lbs. Find kind, inten- 
sity, and obliquity of a stress on a third plane cc' inclined 
at 65'' to AA'. Using results of 67 and 68, 

r = 46-2 lbs. per sq. in. thrust, 

y zzz 34* 19'. 
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70. Two unlike principal stresses are : on AA' a thrust of 
146 and on bb' a tension of 96 lbs. per square inch. Find 
the stress on cc' a third plane inclined to aa' at 50** 

p = 146 and g =: - 96. 
Half sum ^ is a thrust like }>- 

Half diff. ,y is a tension like q, since Q > 45*. 

(See p. 62.) 
Aiw. r — 119*22 lbs. per sq. in. thrust, 
y = 88' 5'. 



71. At a point within a solid the principal stresses are 
thrusts of 248 lbs. and 172 lbs. per square inch. Find the 
normal and tangential component stresses on a plane 
inclined at 15** to the plane of greatest principal stress, 

n — (p " q) sin cos ^ = 19 lbs. per sq. in., 

rn = p. COS" 6 + q sin* = 243 lbs. per sq. in. 

These two results may be obtained with less labour from 
the formulae 

Tt = 2^ sin 2 e, 
r^-^P-+-3+^:zJ. cos 2 6. 

Given the intensities, obliquities, and kinds of the stresses 
upon anj'' two planes at a point within a solid, find the 
principal stresses and their planes. 

In the general problem we know of the triangle OMR 
(fig. 31, p. 65), the parts or and y for two separate positions 
of the plane cc', and we also know that cm and MR are the 
«am6 for both. 

If the two given stresses be alike and unequal. Let r and 
1'' be their intensities, and y and y their obliquities upon 
their respective planes cc' and dd . Let r be greater than 
I"'. Note that it is not necessary to have given the inclina- 
tion to each other of cc' and dd'. 

Choose any line on and draw or = r, and making the 

F 
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angle nor = y, also dmw or' = t\ and making the angle 
nor' = y\ Join rr', and from S the middle point of RR' 

draw, at right angles 
to it, SM meeting ON at 
M. Then will MR= MR'. 
Thus we have found 
OM and MR to suit both 
data, and comparing 
the construction of the 
direct problem (p. 65), 
we have 





OM 



and MR = 



_1> 



Fig. 44. 



and therefore 

7> = OM + MR 
and g = OM — MR. 

Consider the triangle 
om'r' alone, and con- 
sider on' the normal to 
dd' : then r'm'n'^ 2 0', 
hence ox, drawn paral- 
lel to m't (the bisector 
of r'm'n') is the axis 
of greatest principal 
streiss. Thus we have found the principal stresses 'p and g, 
and the position of their axis ox and OY relative to dd' 
one of the given planes. 

Since r'mr — r'mn — rmn 

=:20'-20, 
/. RMS = 0' — 0, 

the inclination to each other of cc' and dd' ; hence if the 
other triangle omr be moved round o through this angle, it 
and consequently 00*, to which on is the normal, will also 
be in their proper positions with respect to the axes ox 
and OY. 
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This triangle might be further turned round O till ON is 
inclined at an angle XON z=z 6 on the other side of ox, when 
cc' would again be in a position for which the stress would 
be the same as given. This would increase the relative 
inclination of t)D' and cc' by twice XON or by 2 6, Adding 
this to O'— 6 gives 0'+ 6, That is, the inclination of cc' 
and dd' to each other is 

(ff— 6) = RMS on diagram, 
or (0'+ 6) = NMS on diagram, 

according as they lie on the same or on opposite sides, of ox, 
the axis of principal stress. 

If the two given stresses 
be unlike and vmequal. 
Considering r the greater 
as positive, r' will be 
negative. Follow the same 
construction, only OR' = r' 
must be laid off from o 
in the ojypodte direction. 
Complete the figure as be- 
fore, and we have from 
either figure — Fig. 46. 

Tri^fonometrically. 

MR* = OM' + 0R2 — 2 OM . OR cos MOR, 

or MR* = OM* + r* — 2 OM . r COS y. 

Similarly, mr'' = OM* + r^+ 2 OM . r' cos y from figures 

44 and 45 respectively. 

Subtracting, o = r* — 7'"— 2 OM (r cos y + r cos y ), 




and 



2 



-i =: OM = 



r" 



/2 



(A) 



also 



y-g_ 



2 (r cos y — / cos y ) * 

r' to include its sign ; 

— ^ = MR = V(om' + r* - 2 OM . r cos y) ) 

or, = 7(oM* + r'2 - 2 OM . /cos yO J 

a known quantity when the value of OM is substituted from 
equation (A). 



(B) 
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p and q are now obtained by adding and subtracting 
equations (A) and (B. 

From R drop EL perpendicular to ON, then 



ML 



OL 



OM, 



or 



or 



MR . cos NMR = OR . COS ROM — OM, 



=2— -i COS 2^ = 



2 



COS 26^ = 



r COS y — 

2 r COS y - 



P + 9 . 
2 ' 



P- ? 



.(C) 



This gives twice the obliquity of the axis of greatest 
principal stress to the given plane cc' and similarly for dd' 

« o zi/ 2 r' cos y' — p — a 
• * cos 2 ^ = ^ ^ • 

These three equations (A), (B) and (C), are the general 
solution of the inverse problem of the ellipse of stress. (A) 
and (B) give the intensities of the principal stresses, which 
will come out with signs showing whether they are like or 
unlike r, the greater of the given stresses. 

In some particular cases the construction gives a much 
simpler figure from which the equations (A), (B) and (C) in 
their modified form are readily calculated. 

Particular case (a). Given the intensities and common 

obliquity of a pair of conju- 
gate stresses at a point ; find 
the principal stresses, and 
position of the axes of prin- 
cipal stress. (Note, There 
are more than sufficient data.) 
In this case y = y and R, 
s, and r', are in one straight 
line with o. 

Draw any line ON, draw OR, making nor = y = y , and 
lay off OR = T and or' = r in the same or opposite directions 

* Cos 2 6 being equal to cos rmo, may be calculated in terms of the sides 
of the triangle bmo when these have been already calculated. 




Fig. 46. 
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according as it is like or unlike r ; and from s, the middle 
point of rr', draw SM at right angles to it, meeting ON at M. 
Join M to R and r'. 

Then - = cos Mos, 

OM 

OS i(OR + OR') 

or OM = =: -- — — — ~> 

cos MOS COS MOS 

or ^ ,. ^ = ; (A) 

2 2 cos y ' ^ ^ 

Again, mr^ — ms^ + rs*2 

= (om2 - os2) + RS2 

=: OM^ - (OS^ — RS2) 






(T + r\ (T —x\ \ 
0M^-^(-^-)-(-2-)} 

= om^ - rr\ 



(or substituting value of om) 

\2 cos y/ 

., :P^ = V5iF^:^'=J{(^V-rr'}(B) 

'A ^ N' (N2C0Sy^ / ' 

, o/i 2 r COS y — « — a .^. 

and cos 20 = ^ ^ ^ (C) 

as in general case, 

NON' — d'-\-B — NMS — MSO + MOS = ^ + y. 

Hence, the angle between the two normals to the sections 
cc' and dd' (or the obtuse angle between cc and dd') ex- 
ceeds the obliquity by a right angle. This we know ought 
to be the case from the definition of conjugate stresses. 

Practically, cos 20 = - cos RMO may be more easily calcu- 
lated in terms of the sides of the triangle OMR when these 
have been already found. 
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From M as centre with radius MR describe the semicircle 
Hr'rn; then 

OH =: OM - MR = g, 
ON — OM + MR = p. 

But ON X OH = OR X or' (Euc. iii. 36), 

or pq —rr (B^) 

may be used instead of (B). 

Particular case (6). Given the intensities and obliquities 

of the stresses on a pair 
of rectangular 'planes, 
find the principal stresses 
and the position of the 
axes of principal stress. 
(Note, There are more 
than sufficient data.) 

If r and r be like 
stresses, 

Draw any line ON. 
Draw OR = R, making 
NOR = y, also or' = r 
making nor' = y. 

Complete the figure as before. 

The given planes being at right angles are necessarily 
inclined upon opposite sides of the axis of principal stress ; 
hence 

NMS =: inclination of given planes 

= 90' 
and rsr' is parallel to on. 

MS = RL = r sin y, 
also, = r'k = r sin y , 

or r sin y = r sin y. 

That is, the tangential components of r and r' are equal. 

OM = J (OL + ok), 




Fig. 47. 



,y = J (^ cos y + r cos y ). 



.(A) 
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That is, the sum of the principal stresses is equal to the sum 
of the normal components of r and /. (Compare pSpge 67.) 

/OL — 0K\2 , 3 

= (—2—) +^' 

(r cos y — r cos y)^ . « . „ 
= ^ — I ^~ + ^%in V 

. P-^i //(rcosy — r'cosy)2 , « • 2 ) /t5\ 

• ^^^ = yl^ ^ — +r28inV| (B) 

tan2e = — z:z ,, ^^' , 

ML i(OL — OK) 

_ r sin y 

"" J(r cos y — r' cos y') 

= 2rsmy ^ 

7' cos y — V COS y 

Putting rt = MS = r sin y = r'sin y = the common value 
of the tangential components of r ana r' ; also 

rn = OL = r cos y = norm. comp. of r, 

rn = 0K= r cos y'= norm. comp. of r^ 

the equations become 

y + ? ^ ^n + r n ^. ^ 

^-i-' = V{^^^^' + ^' } (^^^ 

and tan 20 = ^- (C\) 

(Compare (C^) with page 51.) 

When r and r' are unlike stresses, consider r, the greater, 
as positive, then must or' be laid off in the opposite direction 
from o. 
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Now r'k zz: rl =: r\ the common tangential component of 
r, and r': hence rr' and KL hised each other at s or M, which 
coincide. 

^ R 

/ 

/ 

Pig. 48. 
OM — |(0L — ok), 

or ?L+_g ^ ^ cos y - r-cps y- ;^^^ 

MR2 = ML^ + RL2 

;) - g //(?• cos y + 7' cos y )' , 2 • 2 1 /T3 n 

<^^ ^"Y"^ = y I ^~4 ^ + r^sinV I (B,) 

, ^^ BL RL 

tan 20 = — -- 1 — 

Ml. ^LK 

— RL 

■~ ^(OL + OK) ' 

= ----^"-1^7- (C.) 

r cos y + r cos y ^ ^' 

These three equations (AJ, (B^), and (C^) are identical 
with (A), (B) and (C) with ( — /) substituted for r . 
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Examplts, 

72. If from external conditions it be known that the 
stresses on two planes at a point in a solid are thrusts of 
54 and 30 lbs. per square inch, and inclined at 10° and 26° 
respectively to the normals to these planes, — find the prin- 
cipal stresses at that point; the position of the axis of 
greater principal stress relative to the first plane ; and the 
inclination of the two planes to each other. 

Make 
and 

Lay off 

and 



NOR = y = 10°, 
nor' =: y = 26°. 
OR = r = 54, 
OR'=r = 30. 



Join rr', bisect it in s, draw 
•SM at right angles to rr', meet- 
ing ON at M, complete figure. 




Then P t *? 
2 



OM and ^ - r - = MR 
2 



Fig. 49. 



MR, 



or p — (cm + MRJ and q = (cm — mr), also 26 = nmr. 

T'i'igonoTrietrically. 

MR2z=OM- + OR2— 20M . OR cos MOR, 

or mr2=zom2+ 7-2 —2oM . r cos y. 
Similarly, mr'^z^ om2 -|- r'2 — 2oM . r' cos y . 
.'. Subtracting, o = r^ ^ r'2 — 2om(?'cos y— r' cos y). 



OM = 



A»2 _ (j^'2 



/\ f 



2{r cos y— r'cos y) 

»^4-'=SS=^*= w 

mr2 = (38-45)2+ (54)2- 2 x 38*45 x 54 cos 10^ 
= 1478-4 + 2916 -4088'8=305-6. 



—5-^=^3051} = 17-48. 



(B) 
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The principal stresses are — 



^_-.£+?^^_?_- 55.93 ii^g pgj- gq ijj thrust, like r. 

5=^—-^— ^-^=1 20*97 lbs. per sq. in., thrust being +. 
Drop RL perpendicular to ON. 

ML = OL — OM, 
or MR cos LMR = OR COS LOR — OM. 

.-. ^J^cos20=rcosy-^J^* (C) 

^. 53179-3845 .^._ 
cos 20= jy^jg =-8426. 

20 = 32* 35'. 
0=16°l7i'=xoN, 

the inclination of ox, the axis of greatest principal stress, to 
ON, the normal to the plane for which r was given. 

Similarly, cos 2(9^= - -6573, 

2^=131° r (obtuse for-), 
. ff— 65** 33; inclination xon'. 

And inclination of the two planes to each other — 

N0N'=:RMS=(^-^) = 49'' 15^^ 

or =NMS=(^+^) = 81° 50^; 

according as they are on the same or opposite sides of ox. 

73. Knowing that at a point within a solid there is, on 
some one plane, a thrust of 84 lbs. per square inch of ob- 
liquity 6"*, and on another a tension of 24 lbs. per square inch 
of obliquity 20°, find the principal stresses and the angle 
made by the axis of greatest principal stress with the 
normal to first plane. 
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Consider a thrust positive (see 2n(i fig. inverse problem). 
r=:84 and y=5°; /= -24 and y =20^ 

^-7:c-^=:0M is a thrust, like r 
2 ' 



^=30-5 (A) 



2(r cos y— r'cos y') 

^ ^ = MR is a thrust like r. 
2 

MR^zziOM^+r^— 2oM .r cos y 
= 930-25 + 7056 - 5104-48. 

^^=MR = V288i77=53-7 (B) 

.*. by adding and subtracting (A) and (B), 

p = 84-2and5=:-23-2, 

or the principal stresses are a thrust of 84*2 and a tension 
of 23*2 lbs. per square inch respectively. 

cos 2e^ 2^"°^y-y-g 

p-q 

167-36-61 _ 
- 107-4 - ^•^"^• 

.-. 20=7° 59' and 0=3° 59^', inclination to axis OX. 

74. The stresses on two planes at a point within a solid 
are 240 at an obliquity of 8°, and 2545 at 1° 5'. Find the 
principal stresses and the obliqaities of these planes to the 
axes of principal stress. (Note, these are the planes bb', 
Ex. 57, and oo', Ex. 59 ; also principal stresses are calcalated 
Ex. 58.) 

^j2=:OM=213-5 ) .•.^=254-76, 
^^=MB= 41-26) .-. g=l72-24, 
cos 20=9926 or 20=7° 1'. .-. 0=3° 30f 
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Or geometrically — describe semicircle hr'rn. 

ON = OM + MR=:p and OH=:OM— MR=ig^. 

ON . OH=OR . or' (Euc. III. 36) 

or p,q=rr' ( B') 

= 1200. 

Now p+q=7l'l (A) 

p^+2pq+q^=oODo2, 
but (B), 4^q =4800. 
p^-2pq+q^=:2o5'2, 
jy — q =16, 
adding to and subtracting from (A), 

.-. 2;?=711 + 16 and 2?=7ri-lG. 
jp=43*55 and 5'=27*55. 

75. At a point within a solid, on one plane, there is a 
tension of 272 lbs. per square inch, of obliquity 47"* o, and on 
another a thrust of 161*5 lbs. per square inch, of obliquity 
15° 25'. Find the principal stresses and the angles which 
the normals to these planes make with the axis of greatest 
principal stress. 

P +5 = OM = 70-2 ) ,\p = SOO-2 tension, 
P-TJ z= MR = 230 [ /. ? = - 159-8 thrust, 

cos 20 = -5, or 20 = 60° .\ = 30°, 

cos 20' = --982 or 20' = 169' 8'. .-. 0" = 84° 34' 

= 85° nearly. 

.-. Inc. between planes, {0' — ^) = 55°. Compare Examples 
65 and 66. 



r 
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76. At a point within a solid a pair of conjugate stresses 
are thrusts of 40 and 30 lbs. per square inch, and their 
common obliquity is 10°. Find the principal stresses and 
the angle which normal to plane of greater conjugate stress 
makes with the axis of greatest principal stress. 

Draw OR, making nor = y = 
y = 10° ; lay off OR = r = 40 
and or' = r =l 30. Bisect rr' 
in s, draw SM perpendicular to 
RR'; complete figure. Then 

o = OM, ana -—^ = mr 
and 20 — rmn. 

OS 

— = cos v> 

OM ^' 




OM = 



_ OS __ K^ + r') 



Fig. 50. 



or 



p + q 



cos y 

35 



cos y 
= 35-55.. 



2 -9848 

MR2i= ms^ + RS^ 

=. (om2 - OS^) + RS* 
=: 0M2 - (0S2 - RS') 



"--{c^^-c^V} 



= OM^ — rr. 
^-—^ = v'(1263-8 - 1200) = 8. 



Adding and subtracting (A) and (B), 

p = 435 a thrust, and q = 27'5 a thrust, 
78-8 - 71 



cos 20 = 



16 



= •49 



(A) 



(B) 



(C) 



26 = 60° 40' and 6 = 30° 20'. 
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77. At a point within a solid, a pair of conjugate stresses 
are 182 (tension) and 116 (thrust), common obliquity 30°. 

Find the principal stresses and 
the position of axes. 

r is negative 

P-tl = ou=: 3814, 




Fig. 51. 



£-^^ =z MB = 150-3, 

.-. p =z 188-4 (thrust) and q= - 112-2 (tension), 
cos 20 = -7947 /. e=:18°41'. 

78. The stresses on two planes at right angles to each 
other being thrusts of 240 and 193 lbs. per square inch of 
obliquities respectively 8°and 10°. Find the principal stresses 
also and their axes. 

Tn = r cos y and r^ = '^^ cos y; also Vt = r siny :=r siny 
z= 237-6 =il90 =33-4 




K M I 



Fig. 62. 

= 213-8, 

= V(566 + 1115) 
= 41, 
.-. p = 254-8 and q = 172-8, 



2n 



T- = 1-4034, 



tan 20= _ 

;. 20 =54° 32' .-. = 27° 16'. 
(See Ex. 74 and 57.) 
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79. In last, had the 193 been a tension. Find the prin- 
cipal stresses. 

T = 240, and r' = - 193, 
r„ = 237-6, r\ = ~ 190, 

also (r^)2 is always positive, 

^-i^=-=V{(^;--)'+"'} 

= ^{(213-8)2 + (33-4)2} _ 216-3, 
p — 240-1, a thrust; 
and ? = — 1925, a tension. 

tan 2^ = _2r^ = ^ = -1562. 

^n — ^ n 427*6 

2^ = 8^53' .-. ^ = 4° 26'. 



Application of Ellipse of Stress to Stability 

OF Earthwork. 

Loose earth, built up into a mass on a horizontal plane, 
will only remain in equilibrium with its faces at slopes, 
whose inclinations to the horizontal plane are less than an 
angle 0. If the earth be heaped up till the slope is greater, 
it will rv/n till the slope is at greatest 0. Moist and com- 
pressed masses of earth can be massed up into a heap with 
slopes greater than ^, and will remain in equilibrium for 
some time, but will ultimately crumble down till the slopes 
do not exceed 0, The surface soil, which is in a compressed 
state, may be cut away, leaving banks with slopes much 
greater than 0. These banks will only remain in equilibrium 
for a time. Slips will occur till ultimately the slopes are 
not greater than ^. 

This angle <f>, which is the greatest inclination (of the 
slopes to the horizontal plane) at which a mass of earth will 
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remain in equilibrium, is called the angle of repose. It has 
different values for different kinds of earth, and also different 
values for the same earth kept at different degree? of moist- 
ness. Average values of ^ for different kinds of earth have 
been ascertained by experiment and observation, and are 
tabulated. 

If two particles of earth are pressed together by a pair of 
equal thrusts j> and p' normal to their surface of contact, it 
requires a pair of equal thrusts q and g" tangential to that sur- 
face to make them elide upon each 
P other. For the same material, 

when o is just sufficient to make 
them ^ide, it is a constant frac- 
tion of p. The fraction which q 
requires to be of p just to cause 
slipping is called the co-efficient of 
friction for that material. Hence 
the co-efficient of friction 

The figure is section of two troughs enclosing earth, and 
pressed together with a thrust of intensity p normal to MU, 
the plane where the troughs 
are just not in contact, and;? 
is the amount of this thrust. 
A thrust of intensity q tan- 
gential to the plane MN tends 
to cause the earth to slide in 
two parts along hn, also Q is 
X -J - -jr the amount of this thrust. If 

Q be just sufficient to cause 
slipping along mn, then the 
co-efficient of friction of the 
earth is 



If on AB and CD there be 
a thrast of intensity p inclined at an angle ^ to the 




w^ 
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3r^' 




-s^^ ^ 



Fig. 65. 



normal, we know that for equilibrium of the prism ABCD 
there must be a stress q upon the faces AC and BD, whose 
tangential component equals that of p, but as far as stabil- 
ity along the plane mn is concerned we may neglect g, 
whose normal components destroy each other through the 
material of the trough, and the tangential ones are at right 
angles to MN. Considering the components of P, the amount 
oip, we have P cos ^ normal 
to MN. If slipping is just 
about to take place, then 

_p8m <f> 

'^ ~~ p cos ^ 
= tan 0. 

It is apparent that <j> is 
the same angle we were 
before considering, for, if 
p be due to the weight of 
the material, the figure 
ought to be turned till the 
direction of P is verti- 
cal, when MN the plane of slipping will be inclined at ^ to 
the horizontal. The relation between the co-efficient of 
friction and the angle of repose is 

fjL = tan 0. 

Note. — If it were not upon the supposition that the two 
troughs (being very rigid compared to the earth) trans- 
mitted the equaj and opposite forces tangential to MN with- 
out causing lateral compression of the earth, we could not 
neglect q. From this result we learn that the tendency to 
slip along the plane MN, duo to p, depends entirely upon the 
obliquity of p, and not at all upon its intensity. Thus, if 
p be inclined at an angle less than 0, slipping will not occur 
though p be ever so great : but, if p be inclined at an angle 
greater than <j>, slipping will take place, though p be ever so 
small. 

Consider now the equilibrium of a small prism at a point 
within a mass of earth in a compound state of strain. The 

G 
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earth will have a tendency to slip along any plane through 
the point (as there is no artificial envelope), except along 
the planes of principal stress at the point; and the tendency 
to slip will be greater along the plane upon which the 
resultant stress is more oblique, and greatest along the pair 
of planes upon which the resultant stress is most oblique, 
it being of no consequence how intense the stresses upon 
these various planes may be, but only how oblique. If the 
stresses upon the pair of planes, for which the resultant 
stress is more oblique than that upon any other plane 
through the point, be themselves less oblique than 0, no 
slipping will occur upon any plane through that point ; but 
if more oblique than 0, slipping will take place along one 
or both of those planes. 

The condition of equilibrium of a mass of earth in a 
compound state of strain is that at every point the obliquity 
of the stress on the plane upon which, of all others through 
the point, the resultant stress is most oblique, shall itself 
not be greater than <f>. 

Since earth can only sustain thrusts, the principal stresses 
at a point will be both thrusts which excludes case (c), and 
if y be the obliquity of the resultant stress upon the plane 
through the point upon which the stress is most oblique, 
then by case (d) (page 73), 

p — q 

sm V :=: - — —^ • 

^ p + q 

p 1 + sin y . 
q " 1 — sin y 

By increasing y the numerator of the term on right-hand 
side of equation increases, while the denominator decreases, 

and so the ratio - increases. But is the greatest value of 

y for which equilibrium is just possible. 

p _1 + sin <f> 
5f ~~ 1 — sin 

is the greatest ratio o( p to q consistent with equilibrium ; 
hence — 
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The condition of equilibriv/m of a mass of earth is most 
conveniently stated thus : that at every point the ratio of 
the greater to the lesser principal stress shaU not exceed that 
of (1 + si/n <f>) to (1 — svii 0). 

Or geometrically. 

LetOM = ^*. 

Make mor = 0. 

Drop MR perpendicular to OR. 

Describe the semicircle hrn. 

Because mor = obliquity of thrust on 

plane which sustains 
most oblique strain, ' Fig. w. 

and ORM = 90°. 




MR 


-. _ ^ c) • See case (d) (page 7 


.-. ON 

and OH 

• 
• • 


(OM + MR) p, 
(OM — MR) q, 

p ON OM -f MR 
q OH OM — MR 

OM + OM sin ^ 




OM — OM sin ^ 
1 +"sin 



1 — sin (j> 

For earth whose upper surface is horizontal, the vertical 
stress due to the weight and the horizontal stress are for cdl 
points the principal stresses, and their intensities are the 
same for all points on the same horizontal plane. Generally 
the vertical is the greater principal stress in any ratio not 
exceeding the above, whenever it exceeds the horizontal 
thrust by a greater ratio the earth spreads. But the 
horizontal thrust may be artificially increased till it exceeds 
the vertical in any ratio not exceeding the above. When- 
ever it exceeds the vertical by a greater ratio, the earth 
heaves up. 

The third axis of principal stress, which we are all along 
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Qcglecting, is also horizontal. When the earth is in hori- 
zontal layers with a horizontal surface, all vertical planes 

are symmetrical, and the three planes of principal stress are 
any two vertical planes at right angles to each other and 
the horizontal plane. The stress on uie two vertical planes 
Ijeing equal, the ellij>aoid of stress becomes a spheroid. 
When, however, the horizontal thrust on one vertical plane 
is artificially increased, that plane hecomes one of the planes 
of principal stress, and the stress may be different on 
all three. 

L'aiih in hoi'izontal layers loaded with its own weight to 
Ji nd the pressure against a retaining wall with vertical face. 
Lot 
w = weight in lbs, of a 
cub, ft of earth, 
<f) = its angleof repose, 
D " depth of cutting. 
(Consider a layer 1 foot 
thick nonnal to paper, 
and choose a small rec- 
tangular prism at depth 
J' feet. Fiy. 6T. 

Let p = intensity of vertical pressure at depth x, 
in lbs. per square foot. 
= weight of a volume of earth one square foot, 

in section and x ft. high, 
= wx lbs. 
If g' = least horizontal stress which will give equilibrium, 
we have 



1 — sm 
'' 1 + sin ' 



= intensity of pressure on wall at the depth x. 
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On the right side of equation all is constant but a;, hence 

q is proportional to x, is zero at the top, 
and uniformly increases to 

q =: — -J- — T. t(; . D at the bottom, 
^ 1 + sm ^ 

and therefore 

1 — sin i(;D ' ^ -^ n> 

,- - — -, — ^- • —^ = average intensity of pressure 

1 + sm Z ^p^j^ ^^jL 

And the area exposed to this pressure is D square feet. 
Hence the total pressure on wall is 

Q = average intensity of pressure X area 

1 — sin <A wi>^ „ 

= , ; — ^ . -^-- lbs. 

1 + sm 2 

This tends to make the wall slide as a whole along MB ; for 
equilibrium the weight of the wall, multiplied by the coeffi- 
cient of friction at the bed joint there, must be greater 
than Q. 

If BM be laid off to represent the horizontal pressure at 
B, and M be joined to A, then MA gives the horizontal thrusts 
at all points as shown by arrows ; Q, the resultant of all 
these, is horizontal and passes through the centre of gravity 
of the triangle ABM, it therefore acts at a point c called 
the centre of pressure, and 

BC = i BA = vi . 

» 

Q tends to overturn the wall with a moment, 
M = Q X leverage about B, 

D 

1 — sin d> wT? « . „ 

= ^i — ; — : — T • — r— foot-lbs. 
1 + sm 6 

Let K be the centre of the vertical pressure due to the 
weight of the wall and horizontal pressure of earth at the 
hed joint at M ; also let the vertical line drawn through G, 
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the centre of gravity of the wall, cut the joint at s, then for 
equilibrium the moment, 

the weight of wall x leverage KS, 

must be greater than the overturning moment, M. 

It is generally sufficient to ascertain if this lowest bed 
joint be stable : but for some forms of wall it is necessary to 
go through all calculations for each bed joint considered in 
turn as bottom of wall. 

In a wall of uniform thickness throughout its height the 
weight increases as D, whereas the force Q increases as d\ 
and the lowest bed joint is most severely taxed. Similarly, 
for overturning, KS being constant, the product, KS x weight 
of wall, increases as D while M increases as D^. K would be 
the extreme outside of the wall if the material were per- 
fectly strong. For stone retaining walls SK is fths of the 
half thickness. 

Eocamplea. 

80. The weight of a certain earth is 120 lbs. per cubic 
foot, its angle of repose 25°. It is spread in horizontal layers. 
Find the average intensity of the pressure against a retain- 
ing wall with vertical face and 4 feet in depth. Also, find 
total pressure against a slice of wall 1 foot in the direction 
of the length of the wall and the overturning moment of the 
earth about the lowest point. 

p =1 4iW = 480 Jbs per square foot, 

a = =—, — -, — \, p = 194*8 per square foot, 
^ 1 + simp ^ r u 

Average pressure =i ^ q i= 97*4 per square foot, 

Total pressure Q = 97*4 lbs. per square foot x 4 square feet, 

■= 389-6 lbs. 

Overturning moment, M = Q lbs. X ^ ft. = 519*5 ft.-lbs. 

81. Gravel is heaped against a vertical wall to a height of 
3 feet ; weight of gravel 94 lbs. per cubic foot ; angle of 
repose, 38**. Find horizontal thrust per lineal foot of wall, 
also overturning moment. 

Q = 100*5 lbs. ; M =.100*5 ft.-lbs. 
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82. A ditch 6 feet deep is cut with vertical faces in day. 
These are shored up with boards, a strut being put across 
from board to board 2 feet from bottom at intervals of 5 feet 
apart. The co-efficient of friction of the moist clay is '287, 
and it weighs 120 lbs. per cubic foot. Find the thrust on a 
strut, also find the greatest thrust which might be put upon 
the struts before the adjoining earth would heave up. 

Since tan ^ == 287, .*. sin (f> = -276, 

Q = 1225*5 lbs. per lineal foot. 

Thrust per strut = 6127*5 lbs., just to prevent earth from 
falling in. 

Greatest thrust which might be artificially put upon each 
strut before earth would heave up = 19,029 lbs. 

Depth to which the foundation of a wall rmust, at least, 
he sunk in earth laid in horizontal layers consistent with 
equilibrium of earth. 

Consider one lineal foot 
of wall, normal to paper. 

V = vol. of wall in cub. ft., 

W=z wt. of wall per „ 

h = height of wall in feet, 

h — breadth of wall „ 

d =: required depth of 
found, 

^v = wt. per cubic feet of 
earth, 

= its angle of repose. ^- ^' 

When the wall has just stopped subsiding, the earth on 
each side is on the point of heaving up, so at the horizontal 
layer at the depth of d, for points in contact with the 
bottom of found — p exceeds q in the greatest possible limit, 
that earth being on the point of spreading, 

q 1 ~ sm if> 




suiilice€f€ai'A. 



9' 

n 



*' 
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while, for points just clear of it, p' exceeds <[ in that limit. 

^' _ 1 + sin 
il 1 — sm 

by multiplication ^ = ( i ..T"* — a\ ' 

Nowjp' = q, being horizontal thrust on same horizontal layer, 
cancel these and substitute the values 

weight of wall WV 
^ area exposed to p b * 

q' z= weight of column of earth = wd, 

hence we have f — ? = ( :; ; — ^i , 

owd \1 — sin 0/ 



.-. d = — 7- ( ^ — ; — ; — ^ ) feet. 
wo \1 + sin <f)/ 



83. A wall 10 ft. high and 2 ft. thick, and weighing 
144 lbs. per cub. ft., is founded in earth 112 lbs. per cub. ft., 
and whose angle of repose is 32*^. Find least depth of 
found. 

p — int. of vert, pressure below bottom of found 

= 144 X 10 = 1440 lbs. per sq. ft., 
q' — Int. of vert, pressure at same depth clear of found 

= U2,d, 

but«-=(^-^^y, 
p \1 + sm 0/ 

.-. 4^^ = 094. .\ d = 1-21 ft. 
1440 

Note. — The height of wall above ground is 10 — cZ = 8*79 ft. 

84. An iron column is to bear a weight of 20 tons ; the 
found is a stone 3 ft. square on bed, sunk in earth weighing 
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120 lbs. per cub. ft., angle of repose 27^ Find least depth 
to which it must be sunk for equilibrium. 

44800 lbs. .^H.o lu r^ 

p = ~ =z 4978 lbs. per sq. ft. 

y sq. tu 

q'=UOd, 

but 2.' = (] -^^^)\ .: d = 'f^. -141 = 6 ft. 
p \1 + sm 0/ 120 

85. A brick wall, allowing for openings, weighs 42,000 
lbs. per rood of 36 sq. feet (on an average one brick and a 
half), and stands 45 feet above ground ; the foundation is to 
widen to four bricks at bottom. Find depth of found in 
clay weighing 130 lbs, per cub. ft. (angle of repose 27"). 
Ist, Neglect weight of unknown found. 

WV = wt. of 1 lineal foot of wall = 4667 lbs. 

WV wt.oflin.ft. 4667 lbs. ...^n, o, 

p = — i — = 2n =-s 7T-=loo61bs. persq.tt. 

^ 6 area ot base 3 sq. it. ^ 



, n' /I - sin 27°\2 

but -^ = I -z ; -. ^r=o I > 

p \1 + Sin 27/ 



P 

or -rnr^ = '141. .-. d = 1*7 ft. least depth, 
loot) '^ 

Say 2 ft. deep by an average of 3 bricks thick, i.e., 4J 
cub. ft per lineal ft, at 125 lbs., gives extra weight of 563 
lbs. Adding this, 

.-. WV = 5230 lbs. .-. p = 1743, 
and d = ^~ X 141 =z 2 ft. 
For safety this would require to be increased. 
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Eartli spread in layers at a uniform slope, and loaded 
with ita own weight, to find the pressure against a retavaimg 
wall ivith vertical face. 

The simplest {commonest in practice) case is when the 
vertical iace of wall is at right angles to the section showing 
greatest declivity of free surface. Let the paper be that 
-section ; then AB is the trace of the upper surface, and y ia 
ita greatest inclination to the horizon. 



^-^^^^^^^^ 



This inclination must be less than the angle of repose, or 
the earth would run over the wall. In an adreme case 
they may be equal. 

Generally, y -= ^. 

Taking a slice one foot normal to paper. 

Suppose the earth to be spread behind the wall in layers 
sloping at the angle y, consider a small parallelopipod in the 
layer of depth d having vertical faces. At this depth, d, 
the intensity in lbs. per sq. ft, of the vertical pressure due 
to the weight of earth above, on a horizontal su,rface, would 
be the weight of a cub. ft. of earth multiplied by the deptli 
n iu feet. Hence 

w . D lbs. per sq. ft. 

— intensity of vertical pressure on parallelopiped had ita 
surface been horizontal. 

But the sloping surface us is greater than the correspond- 
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ing horizontal surface, that supports the same earth ; so the 
vertical stress thereon will be less than wB, page 40,. 
and will be 

r = WT> cos 7 lbs. per sq. ft. 

This is the intensity of the pressure upon the faces mn and 
KL, and its direction is vertical and therefore parallel to any 
pair of vertical faces of the parallelopiped ; hence the pres- 
sure on any pair of vertical faces is in its turn parallel to 
the face MN ; that is, 

Every vertical plane is conjugate to the free surface. 

Now, as we have selected the faces of mnlk, the pressure 
on the faces parallel to the paper when drawn parallel to 
the free surface will be horizontal, so that the stress normal 
to the paper is a prinxiipal stress, and the plane of the paper 
is the plane of the other two principal stresses. We can 
apply therefore our preceding results. 

Let r' be the stress on the vertical faces MK and nl : it 
must be parallel to the free surface, and so its direction is 
that of the sloping layer, so that every point in that layer is 
in the same state of strain, and / is transmitted along the 
layer to act on the wall. 

To find out the ratio of the pair of conjugate stresses 
r and r' whose common obliquity is 7. 

From particular case (a) of the inverse problem (p. 85),. 
we have — 

(r + ry , I P — 9 /u\ 

and r+ji^p + q^ 

2 COS y 2 ^ "^ 

squaring both, 

we have (r + r^)^, ^^, ^ (p - 9)^ 

4 cos'"^ y 4 

and <-'• -+ *"2! = <-P +Jl 

4 COS^ y 4 

dividing, 

we have 1 _ *^^'r'j= (^-- ^V- 

(r + rf \p + q) 



VI 
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But when earth is just in equilibrium, 

p _ 1 + sin 

q ~~ 1 — sin <j> ' 

or ^— - ^ = sm d>, 

p + q ^ 

4 rr cos'^y . « . 

4rr'cos2y ^ . . 
(r + ry ^ 

4?t' _ 008^0 



(r + r )2 cos^y ' 
or 

Now 4 rr' ~ 4 rr'. 



(r + r r = 4 rr — ./. ^• 

cos-^ 



(cos^v \ 

= 4^.'gggV-'^»^'^ 11. 

cosY 

Dividing II. by I. 

/r — r y _ eos^y — cos^^ cos«^ 

\r + r I '" 008^0 cos*y 

_ cosV — cos^^ 
~~ eos^y 

r - r _ ± J (eo8^y — cos'0) 
r + r' ~ cosy 

On both sides add numerator to denominator for a new- 
numerator, and subtract numerator from denominator for a 
new denominator. 

r_ __ cos y± ^(cos^y — cos^^) 

r ~" cos y + ^(cos'^y — cos*^) * 
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That is, r may be greater than r in the ratio taken with 
the upper signs, when the earth is on the point of spreading, 
and the wall is subjected to the least possible value of r , 
and again r may be less than r in the ratio taken with the 
lower signs when the wall is artificially pressed against the 
earth tiU the earth is on the point of heaving up and the 
wall subjected to the greatest possible value of r . 

For equilibrium of retaining wall take upper signs, and 
reverse the proposition, 

T cos y — V (cos^y — cos^^) 
r ~ cos 7 + j{cos^y — cos20) 



r 



- zz: 1 or ?''= r, 



Cor. — In extreme case y = <l>, and ; 
i.e., the conjugate thrusts are equal. 

Substituting the value of r, we have the least intensity of 
the conjugate thrust at the depth D, 



r' = ivB cos 7 



cos 7 — ^/(cos27 — COS^0) 



cos 7 + J(cos^y — cos^<f>) 

and its direction is parallel to the upper free surface. 

On right hand side of equation 
everything is constant but D, so that 
r varies as the depth. 

Let D be depth of vertical face of 
wall. Lay off ct to represent r . 
Join . AT, and the arrows will repre- 
sent the* thrust on the wall. The 




mi 



\ ior^ 



r 



average intensity is ^, and the total 

thrust is 

r' rz av. in ten. x area exposed 




Fig. 60. 



„f 



= - lbs. per sq. ft. X D sq. ft. 



= -o- COS y 



cos y - ^(cos^y— COS^0) 
cosy+ V(cos'^7— cos^0) 



lbs. 
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and it passes through the centre of gravity of the triangle 
ATC or through the point E where EC == ^ and parallel to BA. 
Resolving r' into horizontal and vertical components, 

H = r'cos 7, 
V = R'sin y, 

H tends to make the wall slide as a whole along the bed 
joint at c, and for equilibrium of the wall, weight of wall x 
coefficient of friction at bed joint must be greater than h. 

H tends to overturn the wall with a moment 



M = H 



Q) 



WT? J COS y— J(cos y — cos20) ^ 

= -77- cos'y -,- ,; -/ sYn ft.-lbs. 

b cos y+ J{cos^y — cos^^) 

For equilibrium of wall, its weight multiplied by Kc feet 
must exceed M. 

Note. — v, the tangential component of the pressure of 
earth on the back of wall multiplied by KC, tends to resist M 
and to increase effective weight of wall, but the friction of 
the earth there is liable to be destroyed by water lodging, 
and it is not safe to rely on it. 

Examples, 

86. A wall 9 ft. high faces the steepest declivity of earth 
at a slope of 20** to the horizon ; weight of earth 130 lbs. per 
cub. ft., angle of repose 30°. Find average intensity of 
thrust in wall, the total thrust on wall, the horizontal 
component of thrust, and the overturning moment of this 
component. 

Data, — y =: 20°, greatest slope of earth, 
(J) =: 30°, angle of repose of earth, 
^(; = 130 lbs. wt. of cub. ft. of earth, 
D = 9 ft. depth of wall. 
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r = int. of vert, stress at depth 9 ft. per sq. ft. of 
sloping surface, 

= wJy cos y, 

= 130 X 9 X cos 20** =: 1099 lbs. per sq. in. 

. r' is the conjugate thrust whose direction is parallel to 
sloping surface when earth is just about to spread. 

r' _ cos y— <y(cos^y— cos^^) 
r ~ cos y+ J{cos'^y — coB^<f>) 

•9397 - -364 , , ^ 

=: =: '442. 

•9397 + -364 
.-. r = 1099 X -442 = 486 lbs. per sq. ft. 
Aver. int. of conj. stress = 243 „ „ 
Total thrust per lin. ft. of wall 
r' = aver. int. x area 

= 243 lbs. per sq. ft. x 9 sq. ft. = 2187 lbs. 
H = r' cos y = 2055 lbs. 

M = H lbs. X ? ft. = 6165 ft.-lbs. 

•3 

Weight of wall multiplied by coefficient of friction at 
lowest bed joint (if horizontal) must equal H multiplied by 
a factor of safety. Weight of wall multiplied by fths of 
half thickness at bottom must equal M multiplied by factor 
of safety. (Weight in lbs., thickness in feet.) 

87. The slope of a cutting being one in one and a half, 
weight of earth being 120 lbs. per cub. ft, and its angle of 
repose 36**. Find average intensity, amount of horizontal 
component, and overturning moment of the thrust upon a 
3 ft. retaining wall at bottom of slope. 

tan y = :i^ = -6666. .*. y = 33° 42'. 
' 1*5 

= 36° and w — 120 lbs. 

D = 3 ft. .-. r = ^y D cos y r= 299 lbs. per sq. ft. 
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r 
r 

r 



cosy — ^/(cos^y — cos^</>) 



cos y + J{co^y — cos^^) 
= 299 X -62 =: 185-4, 
and aver. int. of stress = 927 lbs. per sq. ft. 



= •62. 



R 



7 

= ~ X J> sq. ft. = 278 lbs. 



H z= r' cos 7 r= 231-6 lbs, 

M = H X ^ =:: 231-6 ft.-lbs. 

6 



-'--".. 







Fig. 61. 

Georaetrically, r =z wT> cos y, being the vertical conju- 
gate thrust, on a layer at depth D, due to the weight of the 
earth, to find in terms of r, 

r\ the conjugate thrust parallel to layer. 

p and q, the principal stresses in the plane of paper. 

6, the inclination to the direction of r (i.e., the verti- 
cal), of the axis of p. 

And the third principal stress normal to plane of paper. 

Construction. Let om = g" 

Make mok = ^, the angle of repose of earth, 
Drop MK perpendicular on ok. 

Then MR — ^" -? • case (rf), page 73. 
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Draw semicircle. 



OH = OM - MH = g, 
ON = DM + MN = p. 



Draw or'r, making NOR = y, the common obliquity of the 
conjugate thrusts r and r', and 






OR = 
OR' 



Case (a), page 84. 



The relations among those are easily expressed trigono- 
metrically by supposing OM proportional to unity, when 

OM prop, to 1. 
radius p „ sin <t>. 
OS „ cos y. 
MS „ sin y. 

RS = ^(MR^-MS^) or J(/)2_MS^) (Euc. 1.47.) 

prop, to ^(sin^^ — sin^y ) (put (1 - cos^^) for sin-</) 
„ J(cos^y - cos2<^ ) ( and (1 - cos^y) for sin-y 

jp or ON = OM + p 

prop, to (1 + sin ^), 

5 or OH = OM — p 

prop, to (1 — sin <^), 

7*' or or' = OS — lis 

prop, to cos y — ^(cos^y - cos^^), 

and r or OR = OS + RS 

prop, to cos y + ^(cos^y - cos^<l>), 

/r' _ cosy - >^(cos2y - cos^^j?)) 
r ~" cos y + /^(cos^y - cos^^) ' 

p __ 1 + sin <^ 

r ~ cos y + ^^(cos^y - cos^</)) 

q __ 1 — sin <^ 

\r ~ cos y + >y(cos*y - cos^^) 

H 
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Case (a) page 85. 



The axis of p makes an angle = ^ rmn, with on the 

normal to the (sloping layer) plane upon which r acts and 

on the same side. 

A 1 i/i 2r cos y - « - a 
Also cos 20 = ^ ^ . 

Since the earth is upon the point of spreading, the princi- 
pal stress normal to the paper will be the least possible, 
that is, it will be equal to q. 

Hence this is the horizontal stress on vertical face of a 
wall running up the steepest declivity : that it is greater 
than the horizontal thrust for horizontal layers may be seen 
by supposing the figure on page 99 to be drawn to such a 
scale that the line on (which there represents the weight of 





'<xrGi 



r.'OR 



nm 




r 



1 



Fip. 62. 



vertical column of earth) will be of the same length as OL 
(which in this case represents same), and superimposing it 
upon this figure, OH there will be seen to be shorter than 
OH here. 
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From a point o on layer at depth D draw ON the normal 
to layer. Lay off OM, etc., complete construction as in last. 

Draw OP parallel to mt the bisector of rmn ; this and OQ 
are the axes of the ellipse of stress parallel to plane of paper. 

Lay off OP = on and OQ = oh, and draw ellipse ; since MR 
is always less than OM for like principal stresses, mro >• y, 
.'. NMR =»- Sy, .*. >- 7, and OP is always in the acute angle 
ROW between the vertical and the line of greatest declivity, 
and making (6 — y) with vertical. 

Since the third principal stress normal to paper is also OQ, 
then if the ellipse revolves about pp' it will sweep out a 
spheroid. 

The resultant stress upon any plane is aorrie vector of this 
spheroid. We know that for vertical planes the stress, 
being conjugate to r, is always in the sloping plane WB, so 
that all the vectors of spheroid lying in that plane determine 
the stresses upon all vertical planes both in direction and 
intensity. 




"^"^^^ 



Fig. 68. 



The trace of the spheroid upon the sloping plane ebcf is 
an ellipse whose major axis is or'= r, and minor axis the 
third principal thrust equal to OQ = g ; and it lies on the 
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sloping plane with its minor axis horizontal and the 
major on line of greatest declivity. The thrust on. any 
vertical plane is the vector of this ellipse which is conjugate 
to it. 

Thus a wall with vertical face whose found runs along gk 
(a line on the sloping surface inclined at an angle a to the 
horizon) sustains a thrust represented in direction and 
intensity by the vector ov which is conjugate to gok. 

ON is a line on the sloping surface at right angles to gk. 
The component of ov in the direction ON is that which is 
eflfective, the other being tangential to wall. As on page 65, 
construct OMV with V in place of R and r' in place of ^, and 

effective comp. of ov = r'cos^^ + q ain^O, 

and this is itself inclined to normal to face of wall at an 
angle j8. 

.-. Hor. thrust on wall = {rcos^O + q &in^6) cos fi. 

6 and /5 are deter- 
mined thus : 

Let GKH be a verti- 
cal plane, and firstly, 
let GH be vertical Let 
also GCH be a vertical 
plane perp. to kck'. 
Then 

sin = cos KGC 

_GC 
~" GK 

_ GH cosec 7 
"" GH cosec a 

sin a 




Fig. 64. 



gives 6, 



sm y 



Secondly, let GH be perp. to GK, and let hk' be perp. to 
the plane gkh. hk' is therefore a line in the horizontal 
plane khk'. 



»> J> 



;» >> 
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.*. kk'2 z= hk2 + hk'2 •.• khk' is a right angle. 

= GK^ + GH2 + HK'^ • . • KGH 
= GK^ + GK'2 •.• GHK' 

.*. KGK is a right angle. 

Hence it is evident that gk'h = jS, 

. ^ GH GK tan a tan a 

.'. sin 8 = — > = 7 7 = : K 

'^ GK GK tan GKK tan 6 

gives /3. 

Examples. 

88. A cutting having 3 ft. retaining walls is made on 
ground sloping at 20' to the horizon. Weight of earth is 
120 lbs. per cub. ft. and its angle of repose 30^ Find the 
horizontal thrust and the overturning moment — 1st, When 
cutting runs horizontal ; 2nd, When cutting runs up steepest 
declivity; and 3rd, When cutting: runs up at a declivity of 
15** to the horizon. 

Data.— jy = 3 ft. y = 20°. 

w - 120 lbs. ^ = 30^ 

{1st) r =: WD COS y = 338 lbs. per sq. ft. 

= stress on slop, layer at depth D, being vertical. 

r' _ cos y - ^^(cos^y - cos^<^) _ '576 __ , , ^ 
r ~~ cos y + Jlcos^y — cos^<^) ~~ l'30i ~ 

.-. r'= 338 X -442 = 1494 lbs. per sq. ft. 

— conj. stress on vertical face of wall, being in 
sloping layer inclined at y. 

/ cos y = 140*4 lbs. per sq. ft. 

= horizontal thrust on wall, at foot of wall. 
Aver. do. = 70-2. 
Total do. = aver. int. x area 

= 70-2 X 3 =: 210-6 lbs. per lineal ft. of wall. 

Moment = 2106 x 5 - 2106 ft.-lbs. 
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i2nd) 1= -^''^-^ ,-. = flu = -383. 

r cos y + v(cos 7 - cos^^) 1 304 

.-. g = 338 X -383 = 129-4 lbs. per sq. ft. 

= least principal stress in sec. on greatest 
declivity 

= also third principal stress which is horizon- 
tal on face of vertical wall. 

Aver. do. = 65 lbs. per sq. ft. 

Total do. = 65 X area = 65 x 3 = 195 lbs. per lin. ft. 

of wall. 

Moment = 195 lbs. x ^ :=:: 195 ft.-lbs. 

o 

(Srd) Section of spheroid of stress on the sloping layer is 
an ellipse whose axes are r and q. ov is the thrust conju- 
gate to vertical plane. 

o . 

XT • A sin a 

JNow sm d = -: 9 

sin y 

L. sin 6 = lt, sin. a — L. sin y -f- 10 

= 9-4129962 - 9-5340517 + 10 

= 9-8789445. 

.-. = 49°ir. 

.. , . /> tan a tan 15** 

Also sm )8 = 3 = - — ^^o TT/ • 

tan tan 49 11 

. -. L. sin j8 =: 10 -h L. tan lo"* - L. tan 49** 11' 

= 10 + 9-4280525 - 100636448 

= 9-3644077. 

.-. j8=13'23'. 



r 
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* Effective com. of ov = r cos^Q + g sin^O 

= 63-83 + 7411 

— 137*94 lbs. per sq. ft. 

• = thrust on vertical face of wall 
along OMN the intersection 
of sloping layer and vertical 
plane at right angles to face 
of wall. 

This is inclined to face of wall at an angle /3. 

.-. Hor. thrust = 137-94 cos /3 

= 134-2 lbs. per sq. ft. 

Aver. do. = 671 



» a 



Total do. = 671 x area = 201*3 lbs. per lin. ft. 

of wall 

Moment = 2013 X — = 201*3 ft.-lbs. 

* The effective component of OV can be more easily calculated by the 
formula 

Effective component of OV = — -—^ ^ ^-^ cos 2Q 

- 139-4 + 10(--146) 
= 139-4 - 1-46 
= 137*94. 



END. 
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MACMILLAN AND CO., 
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ELEMENTARY CLASSigS, 

itoo, eighteeppence each. 

A Series of Classical Reading Booksj selected from the 
l^st Greek and L^tin authors,, with ^hort introductions; and 
full elementary Notes at the end, designed for the use'ctf 
the Lower Forms of Public Schools, of Private Preparatory 
Schools, of Candidates for University Local Examinations, 
and of beginners generally. 

The following are ready or in preparation : — 
VIRGIL. TRB FIFTH JBNBID. THE FUNERAL GAMES, 
Edited by Rev. A. Calvert, M.A., late Fellow <rf St John's. 
CoUegQ, Cambridge. [Ready, 

HOBAOS. THE FIRST ROOK OF THE ODES, Edited 
by T. K Page, M.A., late Fellow of St. John's Coilege, , Cam- 
badge^ and Assistant-Master at the Charterhouse, \jReady, 

OVI9. SELECTIONS. Edited by E. $» Sku;ck«ur&k, M,A«, 
.late Fellow of Emmanuel College Caqibndgi^ aod Assistant- 
Master at Eton. \Ready. 



THE SECOND AND THIRD CAMPAIGNS OB 
THE GALLIC WAR, EditftJ by W. Q. Rutker?o?ld^ 
M.A., Battid College, Oxford^ and A^sta^xt-Mii^le^ at St. 
PauI's Sdiool, \Ready 
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THUOYDIDB8, Book IV. Ch. 1-41. THE CAPTURE OF^ 
SPHACTERJA. , EditedJ)y C. E. Graves, M.A., Classical 
Lecturer and late Fellow of St. John's College, Cambridge. 

[Ready. 

HBBOD^TIIS. ' 9f»leetlqns , trom O^ooks VU. And VIZI. 

THE EXPEDITION OF XERXES. Edited by A. H. 
COOKB, B.A., Fellow of King's College, Cambridge. 

[Riody. . 

TUB OBBBK BLBOIAC POBT8. Selected and Edited by Rev. . 
Hbrbbrt Kynabton, M. A., ' Frinoipal ofr Chelteftheata Col- 
lege, and formerly Fellow of St. John's College, Cambridge. 

[Ready. 

HOMBB'8 ILIAD. Book XVIII. THE ARMS OF ACHIL- 
LES. Edited by S. R. James, B.A., Scholar of Trinity Col- 
l^g^ Q^mbr^e, JMLd.A^jstant-Master at Eton. [InJ^eparation. 

IffX^y. . THE HANNIJBALIAN, WAR. Being part of the 2tst 

,i.JBJ&dy j22]id tiopks of Lixyjj adapted .for the use of begininers. 

>;By £r.. C. MAf:AULAY,..M»A., .A^^stant^jA^jjster at, Rugby, 

formerly Fellow of Trinity Coll^e^ Cambridge. \j[n4h^Prjefs* 

VBBQII.. THE, .$ECOJfD . GMORQIC. Editpd by Rev. J^ H. 
,,SKIUNE,.JiCf.A.,.lat^ Fellow of,M^rt;on College, Oxford, and 
, AssistantrMaster M Uppingham. [J^eady. 
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\ 

MVT; the LAST two kings of MACEDON. SCENES 
FROM THE LAST DECADE OF LIVY. Sdocted aad 
Edited by F. H. Rawlins, M. A., Fellow of King's Collie, 
Cambridge, and Assistant-Master at Eton. [In preparation. \ 

HOBAOB. SELECTIONS FROM THE EPISTLES AND \ 

SATIRES. . Edited by Rev. W. J. F. V. Bakejr, B.A., 
Fellow of St John's College, Cambridge, and Assistant- 
Master at Marlborough. [Ready. 

OaSAR. SCENES FROM THE FIFTH AND SIXTh 

BOOKS OP THE GALLIC WAR. Selected and Edited i 

■ by C. CoLBECK, M. A., Fellow of Trinity College^ Cambridge^ ! 

and Assistant-Master at Harrowa [In prepareUum^ I 
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TlAATO—EUTHYPffRO AND MENEXENUS. Edited by 
C. E. GllAYES, M.A. \In preparation, 

— THE SECONDy THIRD, AND FOURTH 
BOOKS OF THE ODES. Edited (each book separate) by 
T. E. Page, M.A. \Tn preparcUim. 



MACMILLAN'S CLASSICAL -SEBISS FOR 
COLLEGES AND SCHOOLS. 



scflect portions of Greek and Latin authors, edited 
"with Introductions and Notes at the end^ by eminent 
scholars. The series is designed to supply first rate text- 
books for the higher forms of Schools, having in view 
also the needs of Gsmdidates for public examinations at the 
Universities and dsewhere. • 

The following volumes are ready : — 

ASO^YLyS— |>ERSJBD. . Edited by A. O. f^RICKAB^, M.A., 
Fellow and. Tutor of New Coll^^e, Oxford., With Map. jj. (>d. 

CATUXiXiUS— SBXiECT POBM8. Edited by F. P. SlAlPSON, 
B.A., late Scholar of Balliel College, Oxford. New and 
revised Edition. 5j. 

OICBRO^THB 8BOOND PHIXiIPPIO ORATION. From 

_ the German of Karl Halm. Edited, with Corrections and 

Additions, by John E. B. Mayor, Professor of Latin in the 

University of Cambridge, and FeUow of St. John's College. 

New. edition, revised. 5j. 

THB OATIIiINB ORATIONS. From the German of Karl 
Halm. Edited, with Additions, by A. S. Wilkins, M.A., 
Professor of LAtin. at the. Owens College,. Manchester. New 
edition. 3^. 6^. 

THB AOADEUXOA. Edited by JAMSS RsiD, M.A., 
Fellow of Cains College^ Cambridge. 4r. ^d* 
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PRO IiEQE MANIIiIA. Edited after Halm by Prof. A. S. 

PRO ROSCIO AMBBINO. Edited after Halm, B7 £. 
H. DoNKiN, M.A., late Scholar of lincoln College, Oxford, 
Assistant-Master at Uppingham. 4^. 6</. 

DBMOSTHENB8 — THE ORATION ON THB CROWIV. 

Edited by B. Drake, M.A., late Fellow of Kmg's CoU^i^ 
Qai^bri^e. Sixth and r.evised edition. 4r. (nk 

HOMBR'8 ODY8SBY— THB NARRATIVE OF ODY8- 
«EU«, BoAlui i;i^.— Zll. Editod by John £, B. Mj^TCMK, . 

W.A. PartL 3#. 

J,^yEKA|#^SELEPT 8ATYRB8. Edited by JoBlf E. B. 
MAYQSy Fellow of St. John's CoII^;e, Oua^dgK^ aiMl 
Professor of Latin. Satires X. and XI. 3f, Satires XIJL — 
XVI. 3^. 6^. 

LIVY— HANNIBAL'8 FIRST CAMPAIGN IN ITAIiY, 
Bookp XXI. and XXII. Edited by the Rev. W. W. 
Capes, Reader in Ancient History at Oxford. With 3 
Maps. 5j. 

MARTIAIr-SBIiBOT EPIGTRAMS. Edited by Revi H. M. 
Stephenson, M.A., Head-Master of St. Peter's School, 
York. 6f. 

OVID-HEROIDUM EPISTUUE XIII. Edited by E. S. 
Shuckburgh, M.A. 4j. dd, 

8ALIiUST— CATILINE and JUOURTHA. Edited by C. 
Merivalb, B.D. New edition^ carefully revised and eor 
larged. 4^. 6^. Or separately 2j. 6^. each. 

TAOITD8— AORIOOLA and OBRMANIA. Edited b^ A. J • 
Church, M.A., and W. J. Brodribb, M.A. Translators c 
Tadtv^ Neweditjlon. ^f . &/. Or separ^y 2J. ql^ 

THE ANNAliSi Book VK. By t!ie saone Editors, 2x. ^' 
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TSRSNOB— HAUTON ^TlMORUMEMOS. Edited by B. S. 
Shuckburgh, M.A., Assistant-Master at Eton College. 3^. 
"With Itaiiaation, 4s. 6(f, 

PHORMIO. Edited by Rfev. John Bond, M.A., and 
Ai S. WalpOle, B;A. 4j. Bd. 

THUOYDIBBB — T^fi MttSlJAAifl idtP^toll'lQ^, ^oka 
- VI. mbXL Vfl. Edited by ttie R<tr, Pergital Fkost, M. A«r 
Late Fellow df St. John's Gbllege^ Gambridge, New edition, 
revised and efilarged, with Map. §s, 

XBNOPBOM^RB&LlKffZeA, Bl>o%« Z. «&d XI. Edited by 
H. KailstokXi B.A.9 late Sehotar of Peterhonse, Cambridge. 
W1& Map. 4J. 6d. 

CYROPJBDIA) BtfekK VII. and VIH. Edited by Alfred 
Goodwin, M.A., Professor of Greek in University College, 
London, $s, 

MBMORABIIiTA SCCHATIS. Edited by A. R. Cluer, 
B.A. Balliol College, Oxford. 6s, 

The fiUowlng art in preparaHan .*^ 

iESOHINES— IN XJTESIPHONTEM. Edited by Rev. T. 
GWATKIN, M. A., late Fellow of St. John's CoIkijg;e, Cambridge. 

[In the Press, 

eiOBBO->PllO p. SiBSTIO. Edited by Rev. H. A. HoLDen, 
M.A., LL.D., Head- Master of Ipswich School, lafe Fellow 

' . and Assistant Tutor of Trinity CoHege, Cambridge, E-ditor 
of Aristophanes, &e. 

llB]ICdSTHfiNB8— iTRl^T PfillitP^ia. Edited by Rev. 
T. GwATKii^, M.A., latfe Fellow of St. John's College, 
Cambridge. 

DEMOSTHENES — ADVBRSUS LEPTINEM. Edited by 
Rev. J. R. King, M. A., Fellow and Tutor of Oriel College,- 
Oxford. 

BUAIPIDBll— 8BLBCT PIiAYBy by varioos Editors; 

AJiOBSTtS. Edited by J. E. C. Wei;LDO)^, B. A.-^ Fallow 
and Le^ctorer of King's College, Cambridge. 

BAedRAJB. :^tedby E. S. SHUCksuRGH, M.A., Assistant- 
Master at Eton College. 
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EURinDES Contintied-- 

HIPPOIiYTUS. Edited by Rev, J. P. MiOZAFFY, K.A.j 
Fellow and Tutor of Trinity College, Dublin. 

MEDEA. Edited by A. W. VsRRALL, Ikf. A., Fellow and 
Lecturer of Trinity CoU^e^ Cambridge. 

HERODOT0S-THB1I1IVABION OYO&^BGB BT-XBBKB8. 
Books VII. and VIII. Edited by THOMAS Casb, Id. A,, 

formerly Fellow of Brasenose College, Qxfocd. 

AdftBB'B IIiIAB— ^SB BTOKY or AOBIIi&afii ' Edilal 

by the late J. H. PkatT, M:;A, and WiaTSR LbAF, M.A., 
Fellows of Trinity College, Cambridge.- [In thefress. 

BOKBRfl ODYSSBY-Booka xau.^ZXIV; Edited b^ S. G. 
Hamilton, B.A.-, Fellow 6f Hertford College, Oxford. 

HORACB— THE ODB8. Edited by T. E. PAGE, M.A., Master 
at Charterhouse and late Fellow of St. John's College, 
Cambridge. 

XiIVY— Booka XZIII. and XZIV. Edited by Rev. W. W. 
Capes, M.A. 

THE 8ABINITE W^ARS as narrated in the First Decade 
of Livy, Edited by Rev. T. H. Stokoe, D.D., Lincoln 
College, Oxford, Head-Master of King's College School, 
London. 

laYSZAS— 8BUEBOT OBATIOMfl. Edited^ by E. S. ShvCK- 
BURGH, M.A., Assistant-Master at Eton CoUegik 

OVID-FASTI. Edited by G. H. Hallam, M. A, Fellow of 
St John's College, Cambridge, and Assistant-Master at 
- Harrow. 

PLATO— FOUR DIALOGUES ON THE TRIAL AND 
DEATH o^ SOCRATES, viz,^ EVTHYPlttltd, APO- 
LOGY^ CRITO, AND PHJEDO. Edited by C. W. Moulb, 
M.A., Fellow and Tutor of Corpus Christi College, Cambridge. 

PLAUTUS^MILSS GXiOBIOSVS. Edited by R. Y. Tyrrell, 
M, A. , Fellow and Professor of Greek in Trinity College, Dublin. 

[In the press, 

PLINY'S LETTERS-Book III. Edited by Professor John E. 
b: Mayor, With Life of Pliny, by G. H. Kendall, M.A, 

[In the Press. 
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GAt^^Iif.A;; Fellow of ^Trinity Cdlegt^^Cambridgie: 

[Ik tke Press, 

8UBTONXUB— ItXVSS OF THB ROMAN BMtBBRO&S. 

Selected and Edited by H. F. G. Bramwell, B.A.', Junior 
Student of Cbrist Church, Oxford. 

TAClTtTS-l-THB HIstOET. BbOkir t. aUd IZ, Edited by C. 
E. Graves, M.A.' 

THUOYSXDBB^Bottka I. and II. Edited by H. BroadbbNT, 
^ M.A., Fellow of Exeter College, Oxford, and Assistant- 
Idaster at Eton College, 

Books IV. and V. Edited by C. E. GrAV^ M.A., 

Classical Lecturer, and late Fellow of St. John'^ Cbllqjt, 
Cambridge. 

VIRaili— JBNBID, II. and III. TLe N^rative ^of iCneas. 
Edited by E. W. HowsoN, B: A:, Fellow * of Kkig's 
Collie, Cambridge. 

XBNOFHON-^THE ANABASIS-Books X. to IV. By Pro- 
fessors W. W. Goodwin and J. W. White, [In the JPress, 

Other volumes will follow. • 
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mnoumdOn^THE EUMENIDES. THe Greek Text, with 
Introduction, English Notes, and Verse Tran^'tion. By 
Bernard Drake, M.A., late Fellow of icing's CblTeg^ 
Cambridge. 8va ^*6d, 

THE ORESTEIAN TRILOGY, Edited with IntroducUon 
and Notes, by A. O. Prickard, M.A., Fellow and Tutor of 
New College, Oxford. 8vo. [In preparaHon. 

AnATVS^TITE SICIES AND WEATHER-FORECASTS 
OF ARATUS, Translated with Notes by E. PoSTB, M,A., 
Oriel College, Oxford. Crown 8vo. 3 J. 61^. 
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INTRjQ&UCTION TO AJUSTOTL^^ 
RHETOXiC. With AmayviSp Notes and Asgpendicak By 
& H* CoPSy Fellow and Tutor of Trinity College, Cambriclge, 

ARISTOTLE 0^ FALLACIES; OR, ^£tE S&PfflSTrCI 
ELENCHI. With Translation and Notil by E. POW*, M. A. 
Fellow of Oriel Coll^^e^ Oxford. 8va %s. W. 
THE POLITICS. Translated by J. E. C. Welldon, B.A., 
Fellow of King's College, Cambridge. 8vo. [In Reparation, 

AMlWTOVnAX^n^TffE BIRDS. Translated into English 

' Vdrse, with Introdaction, t^dtes^ *nd Ap pe ndi ee g, by B. * 

KsNNKDY, D.D., Regius TMcssttr of Greek hi the UniTersity 

of Cambridge. Crown Syo. 6s. Hdp-Kotes to the none, 

for the use of Students, u. Cd. 

isMmEJItr-SffORT EXERCISES IN TLA f IN PROSE 
COMPOSITION AND EXAMlNAtWN PAPERS IN 
LATIN GRAMMAR, to which is prefixed a Chapter on 
Analysis of Sentences. By the Rev. H. Bxlcher, M.A., 
Assistant Master hi King's College School^ London. Ifew 
Edition. i8mo. u. td. 
Key to the above (for Teachers only). 2J. 6^. 
SHORT EXBRCtSBS IN LATIN PROSE COiffPmi^ 
TION, PART II,, On the Syntax of Sentences, \n^ an 
Appendix mdudii^, EXERtlf»B3 IN LATIN IDIOMS, 
&*c. i8mo. 2s. 

-BlULOBSBr^GREEK AND ENGLISH DIALOGUES FOR 
USE IN SCHOOLS AND COLLEGES. By John 
Stua&t Biackis, Professor of Greek in the University of 
Edmburgh. New Edition. Fcap. 8vo. i^. 6d. 

oiaMSM-^THE ACADEMICA. The Text revised and explained 
by James Rxid, M.A., Fellow of Caius College^ Cambridge. 
New Edition. With Translation. 8vo. [In the press. 

THE ACADEMICS. Translated jAMi§ S. RElb, M.A, 
Svo. 5j. h3. 

SELECT LETTERS.^Mta the E<!Wi<A *f AUkrt 
Watsoi^ yLA. Translated by G. E. Jeans, M.A,, Fellow 
of Hertford College, Oxford, and Assistant-Easier at Haitey- 
bury. 8va , \tmm€diatdy^ 
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OSUkSSZOAXi WBZTBR8. Edited by J. K. Grbbn^ M.A. 
Fcap. Svo. IS, 6d, each, 

A Series of small volumes upon some of the principal 
classical writers, whose works form subjects of study in our 
Schools. 

EURIPIDES, ByProfessor J. P.Mahaffy. \Ready, 

LIVY. By Rev. W. W. Cafes, M.A. [Ready, 

- SOPHOCLES, By Prof. Lewis Campbell. [Ready. 

VERCIL* By Professor H. Nettlbship. [Ready, 

iLiMiB^pRACTiCAL mtrrs Oat tHE quantitative 

PRONUNCIATION OP LATlNy f6r Che use of Classical 
Teachers and Linguists. £ty A. J. Ellis, !6.A., F.lLS. 
£xtra feap. 8yo. 4j. td, 

Wl&hA3Sn^--EXERCISES ON LATIN SYNTAX AND 
IDIOM, ARRANGED WITH REFERENCE TO 
ROBY'S SCHOOL LATIN GRAMMAR, By E. B. 
England, M.A., Assistant Lecturer at the Owens College, 
Manchester, Cro^n 8vo. [In priparUiion, 



EURIPliMSS^ftBIKBA. Edited, with Intro^ductioti «ld Notes, by 
A. W. Yerrall, M.A., Fellow and Lecturer of Trinity 
College, Cambridge. 8vo. [In prtparoHm, 



amnmiB^TiiE problem of the Homeric poems. 

By W. D. GxDDiap Professor of Qteek in the Univenity of 
Aberdeen. 8vo. 141. 

OliADSTOlIB— Works by the Rt Hon. W. E. Gladstone) M.P. 

yUVENTUS MUNDIi or» Gods and Men of the Heroic 

Agtt. Second Edition. Crown 8yo. lor. M. 

THE TIME AND PLACE OF HOMER, Crown 8vo. 

U,(id. 
. A PRIMER OF HOMER. i8mo. u. 
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OOODWIN— Works by W. W. GoODWtN, Ptofessor of GrrecH in" 
Harvard University, U.S.A. 

SYITTAX OJi THE MOODS AND TENSES OJ^lTHi 

GREEK VERB, New Edition, revised. Crown 8vo. 

6i. 6d, 

AN ELEMENTARY GREEK GRAMMAR. New Edition, 

revised. Crown 8vo. 6s. 

" It is the best Greek Grammar o£ its size in the English language."— 
Ath^tueum, 

GOODWIN-^ TEXT-BOOK OF GREEK PHILOSOPHY, 
based du Ritter and Preller's "Historiae Philosophiae 
Graecae et Romanae." By Alfred Goodwin, M.A. FelloW 
of Balliol College, Oxford, and Professor of Greek in 
University College, London. 8vo. [In preparation, 

QR^mrwoOIi—THE ELEMENTS OF GREEK GRAM- 
MARf including Acddenoe, Irregular Verbs, and Principles of 
Derivation and Composition ; adapted to the System bf Crude 
Forms. By J. G. Greenwood, Principal of Owens College, 
A^anchester. New Edition. Crown 8v6. ^s, 6et, 

HERODOTUS, Books l.—m.-^THE EMPIRES OF THE 
EAST. Edited, with Notes and Introductions, by A. H. 
Saycb, M.A., Fellow and Tutor of Queen's Colleg^ Oxford, 
and Deputy-Professor of Comparative Phikdogy. 8vo. 

\In preparation. 

moncmon '^MYTHOLOGY for latin versifica- 
tion. A brief Sketch of the Fables of the Ancients, 
prepared to be rendered into Latin Verse for Schools. By 
F; Hodgson, B.D., late Provbst of Eton. New Edlttai" 
revised by F. C. Hodgson, M.A; i8mo. 3^: 

HOMBR— 7»S ODYSSEY. Done into English by S. H. 
Butcher, M.A., Fellow of University College, Oxford, and 
Andrew Lang, M.A., lat^ Fdldw" of Mmdn OdOibgti; OxSttdC- 
Second Edition, revised arid corrected, with new Introduction, 
additional Notes and Illustmtions. Cro^vii'Svd;' lOt. 6d,' 
THE ILIAD. Edited, with Introduction and Koles, by 
Walter Leaf, M.A., Fellow of Trinity College, Cambridge, 
and the late J. H. Pratt, M.A. 8vo. \In preparation. 
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UOMBBJO DZerxoiTAltT. For Use in Schools and CoU^^es. 
Translated from the German of Dr. ;G. Autenreith, with 
Additions and Corrections by R. Pi Keep, PhiD. With 
numerous Illustrations. Crown 8vo. 6s, 

UORAO^—rUE WORKS OF HORACE^ rendered into 
English Prose, with Introductions, Running Analysis, and 
Notes, by J. Lonsdalb, M.A., and S. LxB, M.A. Gbbe 
8vo. 3^. td, 

THE ODES OF HORACE IN A METRICAL PARA^ 
PHRASE. By R. M. Hovendbn. Extra fcap. 8va 41. 

HORACES S LIFE AND CHARACTER, An Epitome of 
His Satires and Epistles By R« M. Hovbndsn. Extra fcap. 
8vOi 4r. 6d» 

WORD FOR WORD FROM HORACE. The Odes 
literally Versified. By W. T. THO&nroWi C.B. Crown 
8vo. 7/. 6(L 

JACBLBOK'-FIRST STEPS TO GREEK PROSE COM- 
POSITION, By Blom^isld Jackson; M.A. Asnstant- 
Master in King's College School, London. New Edition 
revised and' enlarged.' i8mo. ' xs^dd, 

SECOND STEPS TO GREEK PROSE COMPOSITION, 
with MisoeUaneous Idioms, Aids to Aecentnation,'and Exami- 
nation Papers in Greek Scholarship. iSmo. 2J. 6d, 

^*^ A Key to both Parts, for the use of Teachers only, is in 
preparation. 

JACKSON—^ MANUAL OF GREEK PHILOSOPHY. By 
Hbnry Jackson, M.A., Fellow and Prselector in Ancient 
Philosophy, Trinity College, Cambridge. [In pn^araiion, 

JEBB— Works by R. C Jebb, M.A., Professor of Gieek in the 
Uniyersity of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS. a vols. 8va 2p. 

SELECTIONS FROM THE A TTIC OR A TORS, ANTI- 
PHON, ANDOKIDES, LYSIAS, ISOKRATES, AND 
ISAEOS. Edited, with Notes. Being a companion volume to 
the preceding work. 8vo. 12s (>d. 
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JEBB Continued — 

Y^E CHARACTERS OP THkOPHRAfWS, tra^Iatea 
from a revised Text, with Introduction and Notes, ilxtni fcap. 
8vo. dr. td. 

A PRIMER OF GREEK LITERA TURE, i8mo. ix. 

A HTSTOR Y OP GREEK LtTERA TURE. Crown gvo. 

\In preparation. 

JUVENAZ.— THIR TEEN SA TIRES OF JUVENAL. With 
a Commentary. By John £. B. Mayor, M.A., Kennedy 
Professor of Latin at Cambridge. VoL t. Second lidition, 
enlarged. Crown 8vo. *js, 6d» Vol. II. Crown Svo. los. 6d, 

** For really ripe scholarship, extensive acquaintance with Latin litera> 
ture, and fa'mifiar knowledge of continental criticism, ancient and modem, 
. it is unsurpassed among English editions.** — Prof. Coninqton in 
'•Edinburgh Review.'* 

" Mr. Mayor's work is beyond the reach of common literary compli- 
ment. It is not only a commentary on Juvenal, but a mine of the most 
valuable and interesting information on the history, social coodition,- 
manners, and beliefs of the Roman world during the pVriod of tlife early 
Empire.** — Prof. Nettleship in the "Academy. 

" Scarcely any valuable contribution that has bfeen hitherto ilftcde-%6 Ifffe 
inte>T)retation of Juvenal will be sought in vain in this coftiirtentary ^ . . . 
This excellent work meets the long felt want of a commentary to Juvenal 
on a level with the demands of modem science.^— Prof. FriSdlXnder 
of Konigsberg in " Jahresbericht furAlterthumswissbnschaft." 



^MANUAL OF ANCIENT GEOGRAPHY, 
Translated from the German of Dr. Hsinrich Kiepert. 

[In the press, 

KY1SIA9TOH— EXERCISES IN THE COMPOSITION OF 
GREEK IAMBIC VERSE by Translations from English 
Dramatists. By Rev. H. Kynaston, M.A., Principal of 
Cheltenham College. Wiih Introduction, Vocabulary, &c. 
Extra Fcap. Svo. 4?. (>d. 

KEY TO THE SAME (for Teachers only). Extra fcap. 
8vo. 4j. 6//. 

EXEMPLARIA CHELTONIENSIA : sive quae dfedpulis 
suis tarniina identidem Latine reddenda pfroposuit ipse red- 
didit ex cathedra dictavit Herbert Rynastoi^, M.A., 
Principal of Cheltenham College. Extra fcap. 8vo. 5^. 

Istiht, "Bo&km ic&l.— titxv. Translated fcy A. J. "Church, 
M.A., and W. J. BkODRiBB, M.A, [In preparation. 
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I.I1OYB— TXTiB AGE OF PERICLES, A Histoiy of Ae 
Politics and Arts of Greece from the Persian to the Pelopon- 
nesian War. By William Watkiss Llovd. s toIs. 8vo. 2Xx. 

VUkQUlJAJbrnT^JHST LATia GRAMJUAA Bf M. C. 
Macmillan, M. a., late Scholar of Christ's College^ Cambridge, 
As^tant Master in St. Pauf s SdiooL l8mo, is. 6d, 

IIABAFFV— Woiiai by J. P. UiMJumf^ ttA., ^fohma of 
Ancient I^rtoiy in Tnnity GdOegc, DuUia. 

SOCIAL UFE IN GREECE; from Homer to Menander. 
Thiid Edition, revised and enUuig^ CcQwa Svq. 91. 

RAMBLES AND STUDIES IN GREECE, WiA Dlus. 
trations. Second Edition. With Map. Crown Sto. . icxr. 6^ . 

4 PRIMER OF Gft^EK ANTIQUITIES. With lUns* 
tration*. iSmo. \s. 

EURIPIDES, 18010. I/. 61/. 

MARSHALI.— ^ TABm OF IR^EGUL4R GREEK 
VERBSf dassgi^ according to ^ aiyangea^^^ of Gurtius 
Greek Grammar. By J. M. Marshall, M.A., one of the 
Masters in Clifton College. 8to. doth. New Edition, is. 

MA^TlAJs—SELECT EPIGRAMS FROM MARTIAL FOR 
ENGLISH READERS. Translated by W. T, Webb, 
M.A., Professor of History and Political Economy, Presidency 
College, Calcutta, Extra fcap. 8vo. 4?. 6^. 

BOOKS I, AND IL OF THE EPIGRAMS. Edited, 
with Introduction and Notes, by Professor J. E. B. Mayor, 
M.A. 8vo. \In preparation. 

MAYOR (JOHN B. M.)— FIRST GREEK READER. Edited 
after Karl Halm» with Corrections ajid l^rge Additions by 
Professor John E, 3. Mayor, M.^., Fellow of St John's 
College, Cambridge. New Edition, revised. Fcap. 8vo. 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA- 
TURE. Edited after HUbnkb, with large Additions by 
Professor John E. B. Mayor. Crown 8vo. dj. td. 
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BIATO&. (jpSBPH Bnh^GRBEJfT FOR BEGINNERS. By 
, t|i« Rev. J. B. MAYpKy M. A., Professor of Classical Literature 
in King's College, Londdn. . Part L, ^th Vocabulaiy, \s, 6d, 
Parts IL and in., with Vocabulary and Index, y. &/. com- 
plete in one VoL New Edition. Fcap* 8to. doih. 41* id. 

KIXOV-^PARAZLEL EXTRACTS 9xns^^ for translation 
into English and Latin, with Notes on Idioms^ By J. £. 
NnoN, K. A., Fellow and Classical Lecturer, King's College^ 
Cambridge. PartL-^HistoriGaland Epistolary. • New Edxtiod, 
revised and tfdaiged. Crown Syo. 3/. 6d^ 

A FEW NOTES ON LATIN RHETORIC. With 
Tables and Hkstsatioiis. By J.>£. NixoN,^ M.A. Crown 
&ro. .8f. 

P^IIA (JOHN, M .A.)— i4JV INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Peile, M.A., 
Fellow and Tutor of Christ* a College^ Cambridge^ formerly 
Teacher of Sanskrit in the University of Cambrid^. Third 
and Revised Edition. Crown 8vo. lor. 6t/. 
A PRIMER OF PHILOLOGY. i8mo. \s. By the same 
Author. 

VlV-OiL'Br-'THE EXTANT ODES OP PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., Fellow of Wadham College, Oxford. Crown 
8va 5j. 

PIpATO— ra^-S REPUBLIC OF PLATO. Translated into 

. English, . vnth an Analysis and . Notes, l>y J. Ll. Davies, 

M..A., and D. J. VAncHAN, M.A. New Edition, with 

Vignette Portraits of Plato and Socrates, engraved by Jesns 

from an Antique Gem. i8ma 4j. 6^. 

• 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M.A., Fellow of trinity Coll^:e,Cambridge. 
8vo. [In preparaHan. 

THE TRIAL AND DEATH OF SOCRATES, Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Church. Crown 8vo. 4f. 6d. 
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nMJTOn-^TMB M09TELLARIA QP Pl^UTUS. JYi* 

Notes,, Brolcigo^oDka, imd Excursus. By William IU¥SAY, 

„ M.A.y fonoerly Profiessor of Humanity in the University of 

Glasgow. Edited by Professor Gsorgk G. Ramsay, M.A., 

of the Umvendtf of Glasgow. 8ta 14/. 

POmrs (A. W.^MJL.)— Works by Alexander W. Potts, 
M.A., LL.D., late Fellow of St Jobn's College, CambiUge ; 
. Headl^iasSsr of the Fettes College, Edinbuxgh. 

HINTS TOWARDS LATIIT PROSE COMPOSITION. 
New Edition. Extra fcap. Svo. 3^. 

, PASSAQES FOR TRANSLA TION . INTO , lA TIN 
PROSE. Edited with Notes and, References to the above. 
^ E^iftra fjcap. 8va 2j. 

LATIN VERSIONS OF PASSAGES FOR TRANSLA- 
TIPN INTO LA TIN PROSE. For Teachers only. 2j. 6d. 

EXERCISES IN LATIN PROSE. With Introduction, 
Notes, &c., for the Middle Forms of Schools. Extra fcap. 8vo. 

[In preparation, 

ROBY-^A GRAMMAR OP THE LATIN LAHGUAQE^ from 
Pkutus to SuetoniuSi By H. J. Roby, M.A., late Fellow of 
St. John's College^ Cambridge. In Two Parts. Third Edition. 
- Part L containing :•— Book I. Sounds. Book II. - Inflexions. 
Book IIL Word-formation. Appendices. - Crown 8va &. fidT. 
Part IL — Syntax, Prepositions, &a Crown 8vo. lOr. 6<f. 

"Bfariced bjr the elear and practised insight ofi a master in his art. 
. A book that would do honoiir to anycQiintry. ^-Atkhv^itm. 

SCHOOL LATIN GRAMMAR. By the same Author. 
Crown 8vo. 5^. 

VOm—SYNTHETIC LATIN DELECTUS. A First; Latin 

Construing Book arranged on the Principles of Grammatical 

AnalysiSi With Notes and Vocabulary. By E. Rush, B.A. 

oWith Preface by the Rev. W. F. Moulton, M.A., D.D. 

Extra fcap. Svo. 2x. 

RVVT— FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A. of Pembroke College^ Oxford, 
lifter of the Lower School, King's College, London. New 
Edition^ i8mo. is. 6d. 
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RUTHBRPOSO— ^ FIRST GREEK GRAMMAR. B]rWt€^. 
RtrTHSRFORD, M.A., Assistant Master In St PavFs School, 
London. Extra fcap. 8yo. New Edition, eniarged» ix. dd, 

SEELEY— ^ PRIMER €^ hATW LITBRATURM^ Bf 
Prof. J. R. SkxleY; [In^repar^ion. 

BIMBSOK— PROGRESSIVE EXERCISES IN LATIN 

PROSE COMPOSITION^ Founded on Passages selected 

from Cicero, Livy, &;c. By F. P. SiMPaQN, B.A., of Balliol 

College, Oxford. \I^ frepmiiion, 

rhOVriSB— COMPLETE works TRANSLATED. "By k.J. 
Church, M.A., and W. J. Brodmbb, M.A. 

THE HISTORY. With Notes and a Map, New Edition. 
Cxomi 8vo« 6j. 

THE ANNALS. Wttii Notes and Maps. New Edition. 
Crown Svo. *ls. 6d» 

THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATORY. With Maps and Notes. 
New and Revised Edition. Crown Sva 4^. 6^ 

THBQCMTUS, BION and IIS4MII99W. Readered into 
English Prose witlit Iia*roducti)cy Essay by An»r»w Lang, 
M.A. Grown 8vo. 6^ 

i;iK]BOP^BASTUS— r/r^ CHARACTERS QP THEO- 
PHRASTUS. An Ei^^Ush Tkaudation feun a Remaed Text 
With lAtrodnction and l^otes. By R. C. Jebb, ItCA., Pro- 
fessor of Greek in the University of Glasgow. E^tr^^i^^.* 8vo. 

TSEMIVCh— Woxlcii by the Rev. S. THiLUto, 9irA^ Head- 
VMfx .ojf Uppuig^m S^ooL 

A LATIN GRADUAL. A Fuvt Latin Go&stniiag Book 
for B^^inners. New Edition, enlarged, withOoloitttd'SBntentfe 
Maps. Fcap,. 8vo. 2^. 6dL 

A MANUAL OP MOOD CONSTRUCTIONS. Fcap. 
8vo. ii.6(L 

A CONSTRUING BOOK. Fcap. 8vo. a/. 6^ 
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VlV^Qtllr^THE WORKS OF VIRGIL RENDERED INTO 
ENGIJSH PROSE^ with Notes, Introductions, Running 
Analysis, and an Index, by Jamxs Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition. Globe 8to. 3^. 6e/. ; 
gilt edges, 4^. 6d, 

Wnvm— FIRST LESSONS IN GREEK. Adapted to Good- 
win's Greek Grammar. By John Williams White, PI1.D., 
Assistant-Prof, of Greek in Harvard University. Crown 8vo. 

\In the press, 

WIX-KINB—^ PRIMER OF ROMAN ANTIQUITIES. By 
A. S, WiLKiNS, M.A., Professor of Latin in the Owens 
College^ Manchester. With Illustrations. i8mo. u. 

WRIGHT— Works by J. Wright, M.A., late Head Master of 
Sutton Coldfield School 

LELLENICA; OR, A HISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides; being a 
First Greek Reading Book, with explanatory Notes, Critical 
and Historical. New Edition with a Vocabulaiy. Fcap. Svo. 

A HELP TO LATIN GRAMMAR; or. The Form 
and Use of Words in Latin, with Progressive Exercises. 
Crown Sva 4/. M 

THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of 
Difficult Passages; being a First Latin Reading Book, with 
Grammatical Notes and Vocabulary. New and revised 
edition. Fcap. 8vo. 3^. &/• 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LA TIN LANGUAGE. Crown 8vo. 5*. 

ATTIC PRIMER. Arranged for the Use of Begmners, 
Extra fcap. 8va 4J. ^. 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rule, 
and Vocabularies. Crown 8vo. 4/. &/, 

b 
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MATHEMATICS. 

MRY— Works by Sir G. B. Airy, K.C.B«, Astzo&omer 
Royal :— 

ELEMENTAR'i TREATISE OA PARTIAL DIF^ 
FERENTIAL EQUATIONS. Deagned for the Use of 
Students in the Uniyersities. With Diagrams. Second Edition. 
Crown 8vo. 5^. 6^ 

ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION .OF OBSERVATIONS. Second 
Edition, revised. Cro'tm Syo. 6r. 6^1 

UNDULATORY THEORY OF OPTICS. Designed for 
the Use of Students in the University. New Edition. Grown 
Svo. df. 6d, 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, Revised 
and Enlaxged. Crown 8vo. ^. 

A TREATISE OF MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. 9f. 6d. 

AIRY (OSMUND)—^ TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Mastos in Wellington Collie. Extra f cap. 8vo. y. 6d. 

BA-YWA^-THE ELEMENTS OP MOLECULAR MECHA* 
NICS. By Joseph Bayma, S.J., Professor of Philosophy, 
Stonyhurst Collie. Demy 8vo. lar. 6^. 

UBABImVY—AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. ByR. D. Bbasley, 
M.A., Head Master of Grantham Grammar School. Fifth 
Edition, revised and enlarged. Crown 8vo. $s. 6d. 

BIiACKBURN (UVGU) — ELEMENTS OF PLANE 
TRIGONOMETRY, for the use of -the Junior Class in 
Mathematics n the University of Glasgow. By Hugh 
Blackburn, M.A., Professor of Mathematics in &e Univer- 
sity of Glasgow. Globe 8vo, is, 6d, 
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BOOLE— Works by G. BooLE, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen's University, Ireland. 
A TREATISE 01^ DIFFERENTIAL EQUATIONS. 
Third and Revised Edition. Edited by I. Todhunter. Crown 
'8vo. 14J. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Supplementary Volume. Edited by L Todhunter. Crown 
8vo. 8j. 6d. • 

THE CALCULUS OF FINITE DIFFERENCES. 
: Crown 8vo. los. 6d, New Edition, revised by J; F. 

MOULTON. 

BftOOK-SMITR {9. \— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. 
John's Collie, Cambridge ; Barrister-at-Law ; one of the 

•^ Masters of Cheltenham CoUefi^ New Edition, revised. 
Crown 8vo. 41. dd, 

CAMBRIDGB SBNATB-HOUSB PROBI.BM8 and RZDBR8 
WITH SOLUTIONS f 

\%1^— PROBLEMS AND RIDERS. By A. G. Grsenhill, 

M.A. Crown 8vo. 8j. ^ 

i^Z^SOLUTIONS OF SENATE-HOUSE PROBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L, Glaishsr, M.A., Fellow of Trinity College, 
Cambridge. 12s. 

eMM-DlXR—HELP TO ARITHMETIC. Designed for the 
use of Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham School. Extra fcap. 8vo zs. 6d. 

OHBTNB-^iV^ ELEMENTARY TREATISE OA THE 
PLANETARY THEORY. By C. H. H. Chkyne, M.A., 
F.R.A.S. With a Collection of Problems. Second Edition. 
Crown 8vo. Cs, 6d. 

CHRISTIE—^ COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHE- 
MATICS; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by 
Horner's Method. By James R. Christie, F.R.S., Roya 
Mifitary Academy, Woolwich. Crown 8vo. &r. 6</. 

b a 
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OlBlTFOnu^TjffE ELEMENTS OB DYNAMIC. An In- 
troduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By W. K. Clifford, F.R.S., Professor of Applied 
Mathematics and Mechanics at University College^ London. 
Part I.— KINEMATIC. Crown 8vo. 7j. 6^. 

OUMMING— ^AT INTRODUCTION TO THE THEORY 
OF ELECTRICITY. By LiNNiSUS Cumming, M.A., 
one of the Masters of Rugby School With Illustrations. 
Crown 8vo. %s. ttd, 

OVrnMJSXnov— EUCLIDIAN GEOME TR Y. By Feancis 
CUTHBERTSON, M. A., LL.D., Head Mathematical Mast^ of 
the City of London SchooL Extra fcap. 8vo. ^. 6d, 

DALTON—Works by the Rev. T. Dalton, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. Kew Edi- 
tion. l8mo. 2s, 6d. [Answers to the Examples art appended. 

RULES AND EXAMPLES IN ALGEBRA. Part L 
New Edition. i8mo. ts. Part II. i8mo. 2J. ^ 

-DiLY— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I., THE ELLIPSE, Xnrith ^ 
Problems. By the Rev. H. G. Day, M.A. Crown 8vo. 

-OKSSW—GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M.A., St. John's CoUege^ 
Cambridge. New Edition, enlarged. Crown 8vo. 5i. 

SOLUTIONS YO THE PROBLEMS J A DREW'S 
CONIC sections: Crown 8vo. 4J. 6d. 

—GRADUATED EXERCISES IN ANALYTICAL 
geometry. Compiled and arranged by J. M. Dyer, 
M.A., Senior Mathematical Master in Cheltenham Collie. 
Crown Svo. [In preparation. 
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BDGAX <J. H.) ittd PRITGHARV (a. U.y^NOT^E'JdOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEQr 
METR Y. Containing ProblemB with hdp for SolUtione. '" By 
J. H. Edgar^ M.A., Lecturer on Mechafiical Dittoing at the 
Royal School of Mine^ and G. S. PiClTCHilAD." Fourth 
Edition, revi^ and enlarged* By Arthur Meeze. Globe 
8va 4r, 6d, 



■Works by the Rev. N. M. Ferrers, M.A., Fellow 
and Tutor of Gonnlle and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRILINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and 
the Theory of Projectors. New Edition, revised. Crown 8vo. 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM. Crown Sva 7^. 6</. 

FROST— Works by Percival Frost, M.A., formerly Fellow 
of St. John's College^ Cambridge ; Mathematical Lecturer of 
King's College. 

^N ELEMENTARY TREATISE ON CURVE TRA^ 
CING, By Pbrcival Frost, M.A. 8va 12s. 

SOLID GEOMETRIC. A New Edition, revised and enlarged 
of the Treatise by Frost and Wolstbnholmx. In a Vols. 
VoL I. 8vo. i6s, 

GbDFRAY— Works by HuG» GoDFRAY, M.A., Mathematical 
Lecturer at Ponbroke CoIl^;e, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of CoUeges 
-and Schools. New Edition. 8vo. I2J. td, 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the' time 

of Newton. Second Edition, revised. Crown 8vo. 5^. 6d, 

« 

U^MMIKGh-AN ELEMENTARY TREATISE ON THE 
DIFPERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hemming, M.A.,* 
Fellow of St John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vo 9^. 
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JAOl^BOK -- GEOMETJi/CAt COmC SECTIONS. Aa 
Elementary Treatise in which the Conic Sections are defined 
as the Fhoie Sections of a Cone, and treated by the Method 
of Projection. By J. Stuart Jackson, M. A., kte Fellow of 
GonyiUe and Cains Collie, Cambridge. Crown 8to. 41. ^ 

jfeLLBT (JOHNB.)—^ TREATISE ON THE THEORY 
OF FRICTION By John H. Jkllet, B.D., Senior Fellow 
of Trinity College^ Dnblin; President of the Royal Irish 
Academy. Svo. %s* 6d. 

JONES and OJVBYHJ^^ALGEBRAICAL EXERCISES. 
Pr(^[ressively Arranged* By the Rev. C A. Jones, M.A«, and 
C. H. Chsyne, M.A.y F.R.A.S., Mathematical Masters of 
Westminster SchooL New Edition. i8mo. 2>. 6a. 

KHZtldaVD and TKVt^INTRODUCTION TO QUATER^ 
NIONS, with numerous examples. By P. Kslland, M.A., 
F.R.S. ; and P. G. Tait, M.A., Professors in the department 
of Mathematics in the University of Edinburgh. Crown 8va 
7/. 6d. 

KZTOHBNBR— ^ GEOMETRICAL NOTE-BOOK^ containing 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry. For the use of Schools. By F. E. 
KiTCHXNBS, M.A., Mathemathical Master at Rugby. New 
Edition. 4to. 2s. 

JAMlVVS—NATURAL GEOMETRY: an Introduction to the 

Logical Study of Mathematics. For Schools and Technical 

Classes. With Explanatory Models, based upon the Tachy- 

metrical Works of Ed. Lagout. By A. Mault. i8mo. u. 

Models to Illustrate the above, in Box, izs. 6d, 

MViUniMAN -^ ELEMENTS OF THE METHOD OF 
LEAST SQUARES, By Mansfield Mermman, Ph.D. 
Professor of Civic' and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Penn. Crown 8vo, 7/. 6d. 

MIIbJmAR-ELEMENTS of descriptive GEOMETRY. 
By J. B. Millar, C£., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. 6^. 
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MOBGAN — A COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS. With Answers 
By H. A. Morgan, M.A., Sadlerian and Mathematical 
Lecturer of Jesus College, Cambridge. Crown 8vo. dr. td, 

TttmiBi—DETERMINANTS, By Thos. Muir. Crown 8vo. 

[In preparation, 

NS^vmrON'S PRINCIPIA, Edited by Prof. Sir W. Thomson 
and Professor Blackburn. 4to. doth. 31X. 6d. 
THE FIRST THREE SECTIONS OF NEWTOirS 
PRINCIPIA, With Notes and Illustrations. Also a col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Percival Frost, M.A. Third 
Edition. 8vo. I2j. 

PARKINSON— Works by S. Parkinson, D.D., F.R.S., Tutor 
and Prselector of St. John's College Cambridge, 

AN ELEMENTARY TREATISE ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
New Edition, revised. Crown Sva doth. 9^. (^ 

A TREATISE ON OPTICS. New Edition, levised and 
enlarged. Crown Svo. doth. los. 6d, 

VBMXY--EXERCISES IN ARITHMETIC for the Use 06 
Schools. Containing more than 7,000 original Examples. 
By S. PXDLBY, late of Tamworth Grammar School. Crown 
8vo. 5^' 

ViaLBAB.-^ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phear, M. A., Fellow and late 
Assistant Tutor of Clare College^ Cambridge. New Edition. 
Crown 8vo. doth. 5^. 6d. 

V1B.11R— LESSONS ON RIGID DYNAMICS. By the Rev. 
G. PiRis, M.A., late Fellow and Tutor of Queen's Coll^^e, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. 6s. 

mOKLM'-AN ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. Witii 
Numerous Examples and Hints for their Solution } e^dally 
designed for the Use of Beginners. By G. H. PycKUK, M.A. 

New Edition, revised and enlarged. Crown Svo. *ls, 6d. 
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BJL-WlMtKtiOVf—ELSMEArTAjRY STATICS, by the Rev. 
Gso&GB Rawunson, M.A. Edited by the Rev. Edw^&d 
Sturgss, M.A. Crown 8vo. 4;. 6d, 

nAYJ*BlQB—TI/JS THEORY OF SOUND. By Loed 
Raylsigh, M.A., F.R.S., formerly Fellow of Trinity College 
Cambridge. 8to. VoL I. I2j. ^, Vol. II. i&r, ^icL 

[Vol. III. in the press. 

WESYKOU^B^MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Rxykolds, M.A., liiathematical 
Master in Clifton CoU^^ Crown 8vo. 3/. 6d. 

ROUTH— Works |by Edward ^John Routh, M.A., F.R.S., 
late Fellow and Assistant Tutor of St. Peter's Collie, Cam- 
bridge ; Examiner in the University of Ix>ndon. 
AN ELEMENTARY TREATISE ON THEDYNAMICS 
OF THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Third and enlarged Edition. 8to. 2ii. 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOIION. Adams' Priie 
Essay for 1877. ^^o* ^* ^* 

BBIITH — ^Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bursar (>f ' St. 
Peter's College^ Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinaiy Examination for the B.A. D^^ree. 
New Edition, carefully revised. Crown 8vo. \os. 6d. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. 4f • 6d. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. 
New Edition. Crown 8vo. Sr. fki. 

EXERCISES IN ARITHMETIC. Crown 8vo. Ump doth. 
2s. With Answers. 2s. 6a. 

Or sold separately, Part I. is. ; Part IL is. ; Answers, 6d. 

SCHOOL CLASS'BOOK OF ARITHMETIC i8mo. 
doth. y. 

Or sold separately, in Three Parts, is, each. 
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SMITH ConHnmi^] 

JCEYS TO SCHOOL CLASS-BOOK OF ARITHMEllC 
Farts I., II., and III., 2J. td. each. 

SHILLING BOOK OF ARITHMETIC FOR NA TIONAL 
AND ELEMENTARY SCHOOLS. iSmo. cloth. Or 
separately, Part I. 2d. ; Part II. yi. j Part III. *!d. Answers. 
6d. 

THE SAME, with Answers complete. i8mo, doth. is. 6d. 

KEY TO SHILLING BOOK OF ARITHMETIC. 
i8mo. 4^. 6d, 

EXAMINA TION PAPERS IN ARITHMETIC. i8mo. 
\s. 6d. The same, with Answers, i8mo. 2s. Answers, €d. 

KEY TO EXAMINATION PAPERS IN ARITH- 
ME TIC. l8mo. 4J. 6d. 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in Naticmal 
Schools. New Edition. i8mo. doth, sewed. 34^ 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 43 in. by 34 in. on Roller, mounted and varnished, price 
3J. 6d, New Edition. 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing, Spelling, and Dictation. Part I. for 
Standard L in National Schools. Crown 8vo. ^. 

EXAMINATION CARDS IN ARITHMETIC. (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, u. Standards IIL, IV. and V., 
in boxes, is. each. Standard VL in Two Parts, in boxes, 
IS. each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the Colours of the A and B papers differ in 
each Standard, and from those of every other Standard, so that a 
master or mistress can see at a glance whether the diildren have the 
proper papers. 
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8NOWBAI.X. — THE ELEMENTS OP PLANE AND 
SPHERICAL TRIGONOMETRY; with the Constniclioii 
and Use of Tables of Logarithms. By J. C. Snowball, M. A. 
New Edition. Crown Svo. 7^. tcU 

SYLLABUB OF PLANB GEOMBTXY (conesponding to 
Euclid, Books I. — ^VI.). Prepared by the Association for the 
Improvement of Geometrical Teaching. New Edition. Crown 
Svo. IX, 

TAXT and 8TBBLB— i4 TREATISE ON DYNAMICS OP 
A PARTICLE, With numerous Examples. By Professor 
Tait and Mr. Stbxls. Fourth Edition^ revised. Crown Svo. 

'g-BT^KY ^ELEMENTARY MENSURATION POR 
SCHOOLS, With numerous Examples. By Sxptihus 
Tbbay, B.A., Head Master of Queen Elizabeth's Grammar 
School, Rivington. Extra fcap. Svo. 3^. 6d, 

TODHUNTER— Works by L TODHUNTER, M.A., F.R.S., of 
St. John's College, Cambridge. 

'* Mr. Todhonter Is ehiefly known to student* of Mathematies as the 
author of a series of admirable mathe m atical tejct-hooks, which possess 
the rare aualides of being clear in style and absolutely free from mistakes, 
typosrapbical or other/'— Saturday Rbvikw. 

THE ELEMENTS OP EUCLID. For the Use of Collies 
and Schools. New Edition. i8mo« y, 6d, 

MENSURATION POR BEGINNERS. With numerous 
Examples. New Edition. iSmo. 2s. 6d, 

ALGEBRA POR BEGINNERS, With numerous Examples. 
New Edition. iSmo. 2j. 6d, 

KEY TO ALGEBRA POR BEGINNERS. Crpwn Svo. 
6s. 6d. 

TRIGONOMETRY POR BEGINNERS. With tmmerous 
Examples. New Edition. iSmo. 2s. 6d, 

KEY TO TRIGONOMETRY POR BRQINNERS. 
Crown Svo. S/. 6d. 
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TOBRU29TBR ConHnued^ 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edidon. i8mo. 4?. 6d, 

KEY TO MECHANICS FOR BEGINNERS. Crown 
8va dr. 6d* 

ALGEBRA. For the Use of Colleges and Schools. New 
Edition. Crown 8vo. 'js, 6d, 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8va lor. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. Crown 8vo. 
7x, &^ 

PLANE TRIGONOMETRY. For Schools and CoU^;es. 
New Edition. Crown 8vo. 5^. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. 
lar. (td. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8va 41. 6^. 

PLANE CO-ORDINATE G?50ilf^r^r, as applied to the 
Straight Line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo« 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown 8vo. 

lOf. ^ 

A TREATISE ON THE INTEGRAL CALCULUS AND 
IIS APPLICATIONS. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. los. 6^. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. New Edition, revised. Crown 
8va 4J. 

A TREATISE ON ANALYTICAL STATICS. With 
numerous Examples. New Edition, revised and enlarged 
Crown 8vo. los, 6d. 
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TOD HUNTER ConHnued^ 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY^ from the time of Pascal to that of 
Laplace. Svo, i&r. 

RESEARCHES m THE CALCULUS OF VARIA- 
TIONS^ principally on the Theory of Discontinuous Solutions : 
an £:s^y to which the Adams Prize was awarded in the 
University of Cambridge in 187 1. 8fo. 6i. 

A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 3 vols. 
8vo. 244-. 

AN ELEMENTARY TREATISE ON LAPLACE S^ 
LAMES, AND BESSEVS FUNCTIONS. Crown 8vo. 
los, 6d, 

WILSON (J. m.y-ELEMENTARY GEOMETRY. Books 
L to V. Containing the Subjects of Euclid's first Six 
Books. Following the Syllabus of the Geometrical Association. 
By J. M. Wilson, M.A., Head Master of Clifton College. 
New Edition. Extra fcap. 8yo. 4r. 6d, 

SOLID GEOMETRY AND CONIC SECTIONS. With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools. By J. M. Wilson, M.A. New Edition. 
Extra fcap. 8vo. ^, 6d. 

WIImBON— GRADUATED EXERCISES IN PLANS TRI- 
GONOMETRY. Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. ds. 6d. 

*' The exercises seem beautifully gxaduated andsulapted to lead a student 
on most gently and pleasantly."— £. J. Routh, F.R.S.» ^t' Peter's College, 
Cambri<^e. 

WiI.SON (W. 9.)— A TREATISE ON DYNAMICS, By 
W. P. Wilson, M.A., Fellow of StI John's College, Cam- 
bridge, and Professor of Mathematics in Quel's College^ 
Belfast 8vo. 9;. 6(i, 
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Vi6lMVSJasmM»llL'A--MATHEMATJCAL PROBLEMS^ on 
Subjects induded in the First and Second Divisions of the 
Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. Devised and arranged by Joseph Wolsten- 
HOLMB, late Fellov^ of Christ's College, sometime Fellow of 
St John's College, and Professor of Mathematics in the Royal 
Indian Engineering College. New Edition greatly enlarged. 
8vo. i&. 

SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

*' These Primers are extremely simple and attractive^ and thorous^hly 
answer th«r purpose of just leading the young beginner up to the threi^- 
old of the long avenues m the Palace of Nature which these titles suggest." 
•^Guardian. 

"They are wonderfully clear and lucid in thdr instruction, ample in 
style, and admirable in plan. "—Educational Tuns. 

INTRODUCTORY_By T. H. HuxLEY, F.R.S., Professor of 
Natural History in the Royal School of Mines. i8mo. is. 

CHEMISTRY — By H. E. Roscx)B, F.R.S., Professor of 
Chemistry in Owens College, Manchester. With numerous 
Illustrations. i8mo. is. New Edition. With Questions. 

"A very model of perspicacity and accuracy."'— Chkmist and Drug- 
gist. 

PHT8IC$— By Balfour Stewart, F.R.S., Professor of Natural 
Philosophy in Owens CoU^e, Manchester. With numerous 
Illustrations. i8mo. is. New Edition. With Questions. 

PHYSICAIi GEOGRAPHY— By ARCHIBALD pEIKIB, F.R.S., 

Murchison Professor of Geology and Mineralogy at Edin- 
burgh. With numerous Illustrations. New Edition, with 
Questions. i8mo. ix. 

"Everyone of his lessons is marked by amplicity, clearness, and 
correctness. "—Atkbnaum. 

OBOXiOGY — By Professor Geikie, F.R.S. With numerous 

Illustrations. New Edition. i8mo. cloth, is, 

'* It is hardly possible for the dullest child to misunderstand the meaning 
of a classification of stones after Professor Geilde's ezplanatioo."— School 
Board Chxomiclb. 
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BOIENOB P&XMBR8 CimHnuii^ 

PHYSXOIiOOY— By MiCHASL FOSTER, M.D.» F«R.S. With 
numerous Illustrations. New Edition. iSma u, 

**Th« book Mems toiu to laim aodung to b« desind ai sm deiBentary 

text-book. "— ACADBMT. 

ASTRONOMY — By J. NoRMAN LOCKYBR, F.R-S. With 

numerous Illustrations. New Edition. i8mo. u, 

^^* This is altos:ether one of the most likely attempts we have evor seen to 
bring astronomy down to the capadty of the young child."— Schooi. 

BOAKD ChRONICLS. 

BOTANY— By Sir J. D. Hooker, K.C.S.L, C.B., F.R.S. 

With numerous Illustrations. New Edition. i8mo« ix. 

"To teacheis the Primer will be of inestimable value, and nxA <8ily 
because of the simplicity o£ the lang;nage and the clearness with wluch die 
subiect matter is treated, but also on account of its coming from the highest 
anthwity, and so famishing positive infonaation as to the ouMt suitable 
methods of teaching the sdenoe of botany."— Naturh. 

IiOOIO — By Professor Stanley Jevons, F.R.S. New Edition. 

i8mo. IS. 

" It afipean to ns admirably adapted to serve both as an introduction 
to scientific reascming, and as a guide to sound Judgment and teasonins 
in the ordinary afiiaurs o£ life.**— Acaobmv, 

POLZTlOAii BOONOMY— By Pxolessor STANunr Jbvons, 

F.R.S. i8mo. IS, 

'* Unouestionably io every respect an .admirablt primer."— School 
BoAJKD Chroniclb. 

In preparaHon ;— 
ZOOLOGY. By Professor Huxley. &c. &c. 



ELEMENTARY CLASS-BOOKS. 

A8TBONOMY, bjr the Astronomer Boyml. 

POPULAR ASTRONOMY. With Illustrations. By Sir 
G. B. Airy, K.C.B., Astronomer KoyaL New Edition. 
i8mo. 4^. 6d, 
ASTRONOMY. 

ELEMENTARY LESSONS IN ASTRONOMY. With 
. Coloured Diagram of the Spectra of the Sun, Stai«| and 
Nebulae, and numerous Illustrations. By J. Nokman Lockyer, 
F.R.S. NewEdiUott. Fcap.8yo. ^s.6d. 

'* Fnll. elftar, soun^, and worthy of attention, not only as a popular 
ez;'Ositi'!n, but as a seieodoc ' Index.' "— AxHBN^tJM. 
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BUBMENTARY OIiASB-BOOKS Continutd^ 

QUESTIONS ON LOCKYERS ELEMENTARY LES^ 
SONS IN ASTRONOMY. For the Use of Schools. By 
John Forbss-Robbrtson. i8mo. doth limp. ix. 6d. 

PHYSIOLOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 
numerous Illustrations. ByT. H. Huxley, F.R.S., Professor 
of Natural History in the Royal School of Mines, New 
Edition. Fcap. 8vo. 4s, 6d, 

" Pure gold throughout "—Guardian. 

"Unquestionably the clearest and most ecMiiplete elementary treatise 
on this subject that we possess in any language. "--Wbstmiiistbr Rkvibw. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M.D. xSmo. is. 6d. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D, 
Oliver, F.R.S., F.L.S., Trofessot of Botany in University 
Cdlege, Lcmdon. With nearly Two Hundred Illustrations. 
New Edition. Fcap. 8vo. '4s. Cd. 

OHBMI8TRY. 

LESSONS IN ELEMENTARY CHEMISTRY, IN- 
ORGANIC AND ORGANIC, By Henry E. Roscoe, 
F.R.S., Professor of Chemistry in Owens College, Manchester. 
With numerous Illustrations and Chromo-Litho of the Solar 
Spectrum, and of the Alkalies and AlkaUne Earths. New 
Edition. Fcap. 8vo. 4J. 6d. 

*' As a standard general text-book it deserves to take a leading place. "— 
Spkctator. 

" We unhesitatingly pronounce h the best of all oar elmvotaiy treatises 
im Chemistry/'— MsDiCAL Timbs. 

A SERIES OP CHEMICAL PROBLEMS, prepared with 
Special Refifcrence to the above, by T. E. Thorpe, Ph.D., 
lSx>fiessor of Chemistry in the Yorkshire College of Science, 
Leeds. Adapted for the preparation of Students for the 
Government, Science, and Society of Arts Examinations. With 
a Preface by Professor RoscoB. New Edition, with Key. 
l8mo. 2s, 
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BIiBMBllTARY OIJUIB-BOOKS CofOimui-^ 

FOLITIOiib BOONOMT. 

POLITICAL ECONOMY FOR BEGINNERS, By 

MiLUCSNT G. Fawcktt. New Edition. i8mo. 2/. M 

" Oeart eompaet, and eomprdaensive.'*— Daily Nbws. 
** The rdations «!' capital and labour have never been men naiply ov 
more dearly expounded."— Comtkmpoxaky Rkvuew. ^ 

iioaio. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

Inductive, ^th copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanley Jevons, M.A., 

Professor of Political Economy in University College, London. 

New Edition. Fcap. 8vo. 3^. 6^. 

'* Nothing can be better for a school-book. "— Guaxdian. 

"A manoal alike ami^e, interesting, and adendfic."— Athsmubum. 

PHYSICS. 

LESSONS IN ELEMENTARY PHYSICS. By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in Owens 
College, Manchester. With numerous Illustrations and Chromo- 
litho of the Spectra of the Sun, Stars, and Nebulae. New 
Edition. Fcap. 8vo. V« ^> 

" The beatt4deal of a sdentifie text-book, clear, accurate, and thorough." 
—Educational Times. 

PRACTICAL CHEMISTRY, 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Pre&ce by 
Professor RoscoE, and Illustrations. New Edition. i8mo. 

25. 6il. 
CHBMISTRY. 

QUESTIONS ON CHEMISTRY. A Series of Problems 
and Exercises in Inorganic and Organic Chemistry. By 
Francis Jones, F.R.S.E., F.C.S., Chemical Master in the 
Grammar School, Manchester.^ Fcap. 8vo. 3^. 
ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By St. 
George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's Hospital. With upwards of 400 lUustmtions. 
Fcap. 8vo. 6s. 6d. 

** It may be questioned whether any other work on anatomy contains in 
like compass so proportiocately Rreat a m&sfi of information.''— Lancbt. 

'* The wwkis excellent, and should be in the hands of every student of 
bu3ian anatomy." — Mxdicai. Timss 
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EIiBMBNTARY 0]bA,SB-BOOKS ConHnued-^ 

XSECHANIC8 OF MACHINERY. 

AN ELEMENTARY TREATISE. By A. B. W. 
Kennedy, M. Inst. C.E., Professor of Engineering and Me- 
chanical Technology in UniTersity College, London. With 
Illustrations. / [In the press. 



AN ELEMENTARY TREATISE. By John Pkrey, 

Professor of Engineering, Imperial College of Engineering, 

Yedo. With numerous Woodcuts and Numerical Examples 

and Exercises. l8mo. 41. 6d, 

** The joang engineer and those seeking for a comprehensive knowledge 
of the use, power» and economy of steam, could not have a more us^l 
work, as it is very intelligible, well arranged, and practical throoghont."— • 
Ironmomgbx. 

PHYSICAL GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPH Y. By A. Gmkie, F.R.S., Murchison Professor 
of Geology, &c., Edmburgh. With numerous Illustrations. 
Fcap. 8vo. 4r. 6d. 

QUESTIONS ON THE SAME. is. 6d. 

GEOGRAPHY. 

CLASS-BOOR' OF GEOGRAPHY. By C B. Clarke, MA., 
F.R.G.S. Fcap. 8vo. New Edition, with Eighteen Coloured 
Maps. 3^. 

JNATURAIi PHIIiOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 
I. ToDHUNTER, M.A., F.R.S. Part L The Properties of 
Solid and Fluid Bodies. i8mo. 51. td. 
Part IL Sound, Light, and H^at. i8mo. y. 6d. 

BKORAIi PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof. E. Caird, 
of Glasgow University. [/« preparation. 

BUBOTRICITY AND MAGNETIMS. 

ELEMENTAR Y LESSONS IN ELECTRICITY AND 
MAGNETISM. By Prof. Sylvanus Thompson, of Uni- 
versity College, Bristol. Witli Illustration^, [fn preparation. 

c 
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EtiBMBNTARY CI.AB8 BOOKS CettHnued. 
SOUND. 

AN ELEMENTARY TREATISE. By 
M,B. With Uliutntioiic. iSmo. 31. 6^ 

PST0HOIrf>aY. 

ELEMENTARY LBSSO!fS TN PSYCHOLOGY. BjG. 
Ckooh Robertson, Frofenoi tA M«otal PbHosopIiy, &c. 
Univeisity College, London, [In frefaraium. 

Aait.lCWSVKn— ELEMENTARY LESSONS IN AGRI- 
CULTURE. By H. Tanker, F.C.S., Professor of Agri- 
cullural Science, University College, Abetystwilli. ' 

[In prrpaTotitn, 

■BlA.VMaA.lA.—THE ECONOMICS OF INDUSTRY. : 

Marshall, M,A,, laie Principal ot Universily College, 
Chellenhara,' and Mart P. Marshall, laie Lecturer at 
Newnham Hall, Cambridge. Extra fcap. Evo. 21. 6d. 

"Thft bogfe IS of sterling value, and will benf [rcilt use ID students and 

Oli^t in FnfaratioH. 



MANUALS FOR STUDENTS. " 

DTEK AND VXima— THE STRUCTURE OF PLANTS. By 
Professoi Thiselton Dyeh, F.R.S., assisted by Sydney 
ViNBS, B.Sc, Fellow and LecKirer of Chriit's College^ 
Cambridge; With nnineroDS inustrtttions. [In fTrfamtion. 

FAWCETT— .4 MANUAL OF POLITICAL ECONOMY. 

By Professor Fawcett, M.P. New Edition, revised and 

eiilarEed. Crovm 8»o, 121. (nL 
FLBI8CHBR— ^ SYSTEM OF VOLUMETRIC ANALV. 

SIS. Translated, with Notes and Additions, from the second 

Geman Edition, by M. M. Pattison Mnnt, F.R.S.E. With 

Tllustiations, Crown Svo. T*. &/- 



r 
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BIANUAIiS FOR STUDBNTS Continued. 

n>OWItn (W* -EL.)— AN INTRODUCTION TO THE OSTE^ 
OLOGY OF THE MAMMALIA. Being the substance of 
the Course of Lettures deliyered at the Royal College of 
Suxgeons of England in 187a By Professor W. H. Flower, 
F.R.S., F.R.C.S. With numerous Illustration. NewEdition, 
enlarged. Crown 8vo. lor. ^. 

rOSTBR and I.Alf«I.BY— ^ COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. By MiCHAKL Foster, 
M.D., F.R.S., and J. N. Langlby, B.A. New Edition. 
Crown 8vo. 6f. 

900KVE~r^^ STUDENTS FLORA OF THE BRITISH 
ISLANDS. By Sir J. D. Hooker, K.C.S.I., C.B., 
F.R.S., M.D., D.C.L. New Edition, revised. Globe 8vo. 
lor. td 

IBXST^UBY— PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous Illus- 
trations, and Coloured Plates. New Edition. Crown 8vo. 'js.bd, 

HUXXtBY and MARTIN— ^4 COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor HuxLEY,. F.R.S., assisted by H. N. Martin, M.B., 
D.Sc New Edition, revised. Crown 8vo. 6s. 

H17XI.EY and 'PASLKBXk— ELEMENTARY BIOLOGY. 
PARI II. By Professor Huxley, F.R.S., asasted by 
T. J. Parker. With Illustrations. [In preparoHon. 

tWOKB^THE PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. By Professor W. Stanley 
Jkvons, LL.D., F.R.S. New and Revised Edition. Crown 
8vo. I2J. 6d. 

m 

EXERCISES IN DEDUCTIVE LOGIC. By Professor 
Wc Stanley Jevons, LL.DI, F.R.S. Crown 8vo. 

\In th^ press. 

OLIVER {-Pr^t^mmw)— FIRST BOOKOFINDIAN BOTANY. 

By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of 

the Herbarium and Library of the Royal Grardens, Kew. 

With numerous Illustrations. Extra fcap. 8yo. ts. 6d. 

c 2 
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■ 
MANUALS FOB ^frXTDJM^S' CoftHnued^ 

PARKER and -BWrVAM^^TIIE MORPHOLOGY OF 
THE SKULL, By Professor Parkkr and G. T» Bjbttany. 
Illustrated. Crown Svo. lor. ttd. 

TiilT--AN ELEMENTARY TREATISE ON HEAl. By 
Professor Tait, F.R.S.E. Blostrated. [In the press. 

vmomsoiH-'ZOOLOGY. By Sir C Wyvillx Thomson, F.R.S. 
Illustrated. {In preparaHon. 

^miMK-'ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, M.A., F.R.S, 
Illustrated. \In the press. 

Other volumes of these Manuals will follow. 



SCIENTIFIC TEXT-BOOKS. 

BALFOUR—^ TREATISE ON COMPARATIVE EMBRY^ 
OLOGY, With Illustrations. By F. M. Balfour, M.A., 
F.R.S., Fellow and Lecturer of Trinity College, Cambridge. 
In 2 vols. 8vo. VoL I, i8j. now ready. [Vol, II, in the press, 

BAI.I. (B. 8., KM,)^EXPERIMENTAL MECHANICS. A 
Course of Lectures deHvered at the Royal Collie of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College* of Science 
for Ireland. Royal 8yo. idr. 

GlULVSras— MECHANICAL THEORY OP HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity CoU^e, Cambridge. Crown 8vo. lor. 6d, 

BANIEUr-^ TREATISE ON PHYSICS FOR MEDICAL 
STUDENTS, By Alfred Daniell. With Illustrations. 
8vo. [In preparation. 



;^A TEXTBOOK OP PHYSIOLOGY. By Michael 
FosTBS, M.D., F.R.S. With Illustrations. Third Edition, 
revised. 8vo. 2is, 
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SCIENTIFIC TBZT.BOOK8 ConHnued^ 

GASiOEB —A TEXT'BOOK, SYSTEMATIC AND PRAC^ 
TICAL, OF THE PHYSIOLOGICAL CHEMISTRY OF 
THE ANIMAL BODY. Including the changes which the 
Tissues and Fluids undergo in Disease. By A. Gamges, 
M.D., F.R.S., Professor of Physiology, Owens Collie, 
Manchester. Sto. [In the press. 

Ol&GlRfinAjrR— ELEMENTS OF COMPARATIVE ANA- 
TOMY. By Professor Carl Gegbnbaur. A Translation by 
F. Jeffrey Bell, B. A« Revised with Preface by Professor 
E. Ray Lankbstes, F.R.S. With numerous Illustrations. 
8vo. 2IJ. ^, 

^-BXtitn— TEXT-BOOK OF GEOLOGY, By Archibald 
GEIKIE, F.R.S., Professor of Geology in the University of 
Edinburgh. "With numerous Illustrations. 8vo. [In the press. 

OBJLH— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are 
added the principles of Taxonomy and Phytography, and a 
Glossary of Botanical Terms. By Professor Asa Gray, 
LL.D. 8vo. iQf. 6d. 

JXVWCOVM^POPULAR ASTRONOMY. By S. Newcomb, 

LL.D., Professor U.S. Naval Observatory. With II2 lUus- 

tratiotts and 5 Maps of the Stars. 8vo. l%s. 

** It is unlike anything else of its kindt and win be of more ose in on 
enlatiiv a knowledge of astronomy than nine-tenths of the books whkh 
have an>eared on the subject of laie yvaxs,**'-^aturday Revitw. 

KBUWULVIL ^ THE KINEMATICS OF MACHINERY. 
Outlines of a Theory of Machines. By Professor F. Reulkaxtx. 
Translated and Edited by Professor A. B. W. Kennedy, 
C.E. With 450 nittstrations. Medium 8vo. 21s. 

R0800B mad SCHORXftBMMBB*— INORGANIC CHEMIS- 
TRY, A Complete Treatise on Inorganic Chemistry. By 
Professor H. £. Roscob, F.R.S., and Professor C Schor- 
LEMMER, F.R.S. With numerous Illnstrations. Medium 8vo. 
Vol. I.— The Non-Metallic Elements, au. Vol II.— Metals. 
Part I. i&r. Vol. IL Part II.— Metals. iSs. 
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SCIENTIFIC TEXT-BOOKS Continued—' 

ORGANIC CHEMISTRY. A xomplete Treatise on Or- 
ganic Chemistry. By Professors RoscoE and Schorlemmbr. 
With numerous Illustrations'. Medium 8vo. [In. the press. 

SCHORI.EMMER— ^ MANUAL OF THE CHEMISTRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE^ 
MISTRY, By C. Schorlkmmkr, F.R.S., Professor of 
Chemistry, Owens Coll^;e, Manchester. Widi ULustrations. 

8vOi I4J. 

» 

THORPE AND RttCKBR— ^ TREA TISE ON CHEMICAL 
PHYSICS, By Professor Thorpe, F.R.S., and Professor 
RiJCKER, of the Yorkshire College of Science. Illustrated. 
8vo. \In preparation. 

NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. Bf 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. Second Edition. Crown 8vo. ' p. 6cL 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John. Lubbock, M.P., F.R.S., D.C.L. With name* 
rous Illustrations. Second Edition. Crown 8vo. 3^. 6d. 

THE TRANSIT OF VENUS. By G. Forb«s, M.A., Pro- 
fessor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8va ^. 6d. 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St Mary's Hospital. 
With numerous Illustrations. Crown 8vo. ys, jbd. 

POLARISATION OF LIGHT. By W. Spottiswoode, P.R.S. 
With many Illustrations. Second Edition. Crown 8vo. 
3J. &/. 

i>N BRITISH WILD FLOWERS CONSIDERED IN RE^ 
LA TION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. Wit]i nnnierovis Illnstxaitioiis. Second Editioiu Crown 
8vo. 4J. €d. 
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KATURB ftBRIBS Contimm^ 

7 HE SCIENCE OF WEIGHING AND MEASURING, AND 

THE STANDARDS OF MEASURE AND WEIGHT. 

By H. W. Chisholm, Waiden of the Standards. With 

niunerous Illustrations. Crown 8vo. 41. 6</. 

HOW TO DRAW A STRAIGHT LINE: a Lecture on Link- 
ages. B7A.B. Kbmpb. With Illustrations. Crown 8vo. u. 6d, 

LIGHT : a Series of Siinple, entertaining, and Inexpensiye Expe- 
riments in the Phenomena of Light, for the Use of Students of 
every age. By A. M. Mayer and C. Barnard. Crown 8vo, 
with numerous Illustrations. 2i. ^cU 

SOUND : a Series of Simple, Entertaining, and Inexpensive Ex- 
periments in the Phenomena of Sound, for the use of Students 
of every age. By A. M. Maybi^, Professor of Physics in 
the Stevens Institute of Technology, &;c With numerous 
Illustrations. Crown 8vo. 3^. 6d, 

SEEING AND THINKING. By Professor W. K. Clifford, 
V' F.'R.S. Witii Diagrams. CroWn 8vo. ^, 6d, 

DEGENERATION— By Prof. E. Ray Lankestsr, F.R.S. 
With Illustrations. Crown Svo. zs. 6d, 

Otker vohtines io ftdUw, 

EASY LESSONS IN SCIENCE. 
Edited by Prot W. F. Barrett. 

ffEA T, By Miss C. A. Martinsau. illustrated. Extra fcap, 
8vo. 2s,6d. 

LIGHT, By Mrs. Awdry. Illustrated. 2s. 6d. 
jELECTRICITV. By Prof. W. F. Barrett. [In ptiparatUm. 

SCIENCE LECTURES AT SOUTH 

KENSINGTON. 

VOTs. /. Contaming Lectures by Capt Abney, Prof. Stokes, 
. Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
SoRBY, J. T. BOTTOMLEY, S. H. ViNES, and Prof. Carey 
Foster. Crown 8vo. 6r. 
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VOL, 11. Containing Lecture* by W. Spottiswooi 
' Pn>£ FoRBBS, Prof. PIGOT, Prof. Barrett, Di 
Sanderson, Dr. Lauder Brunton, F.R.S., Pr 
and otheis. down 8vo. 6x, 



^hth Series, 1876-7. Crown Svo. Illustrated. 6il each. 
WHAT TkE EARTH IS COMPOSED OF. By 

It,OSCOK, F.R,S. 
THE SVCCESSIOH OF LIFE ON THE EARTH. 

Professor WiLUAMSONt F.R.S, 
WHY THE EARTH'S CHESIISTRV IS AS IT IS. 
J. N, LOCKYER, F.R.S, 
Also complete in One Volome. Croim 8to. cloth. Zi. 



AtSX^JfaEVL—ELEMENTAR Y APPLIED MECHANICS; 
being the simple and more practical Cases of Stress and Strran 
■WTOugiit out individually from first principles by means of 
Elementary Mathematics. By T. Albxakdsk, C.E.i Professor 
of Civil Engineering in the Imperial Collie of Ei^ineering, 
Tokei, Japan, Crown Svo. 4^. dd. 

Bt.AXrOB,U—THE RUDIMENTS OF PHYSICAL GEO. 
GRAPHYFOR THE USE OF INDIAN SCHOOLS ; with 
a Glossary of Technical Terms employed. ByH. F. BlamfdrI^ 
F.R,S. New Edition, wUhlllusttations. Globe Svo. a* U. 

mva.mrr— UNITS and physical CONSTANTS. ■ By 
J. D. EvKHETT, F.R.S., Professor of Natural Philosophy, 
Queen's College, Bel&st. E»tra fcap. Svo. 41. W. 

asiK.IS— OUTLINES OF FIELD GEOLOGY. By Prof. 
Gkikie, F.R,S. With lUustrations, Erira fcap. Svo. Jf.fii. 

aotLDOn—AN ELEMENTARY BOOK ON HEAT. By 
J. E. H. Gordon, B.A., Gonville and Ouns College Cim- 
bridge. Crown Svo. W- 
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iMAmAJS^B^BLOWPIPE ANALYSIS. By J. LANDAtmR. 
Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4J. 6d, 

VTSIVL— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS, Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is. 6d. 

IH'KXH'DmCVi'^OUTLINES OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN. By J. G. M'Kendrick, M.D. 
F.R.S.E. With Illustrations. Crown 8vo. 12s. 6d. 

miAXa.— STUDIES IN COMPARATIVE ANATOMY. 

Na I. — ^The Skull of the Crocodile : a Manual for Students. 
By L. C. MiALL» Professor of Biology in the Yorkshire Collie 
and Curator of the Leeds Museum. 8vo. 2j. 6d. 
No. IL — Anatomy of the Indiaii Elephant. By L. C. MlALL 
and F. Greenwood. With Illustrations. 8vo. 5J. 

mOiMV-^AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 4r. 6^ 

WRIGHT— 4f^7'^Zi' AND THEIR CHIEF INDUS! RIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c. 
Lecturer on Chemistry in St. Mary's Hospital Medical School. 
Extra fcap. 8vo. y. 6d. 

HISTORY. 

£^nOlMJ>—THE ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON- 

STANTINE THE GREAT. By W. T. Arnold, B.A. 

Crown 8vo. 6j. 

"Ought to prove a valuable handbook to the student of Homa 
history, — ^Guardian. 

WBXm»^— STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2x. 6</. 

" The attempt appears to us in every way successful. The stories are 
interesting in themselves, and are told with perfect simplicity and good 
feeling;." — Daily Nbws. 

FREEMAN (EDWARD K.y—OLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fellow of 
Trinity College, Oxford. With Five Coloured Maps. New 
Edition. Extra fcap. 8vo. half-bound. 6s. 
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.AMBBN--^ SHORT fflSTORY OF THff ENGLISH 

PEOPLE, By John Kichard Giucnr, M.A«, LUD. With 

Coloured Maps, Genealogical Tables, and Cfaronological 

Annals. Crown 8va &r. 6d. Sixty-third Thousand. 

'* Stands alone as the one general lustorjr of the couiitry» for the sake 
of which all others* if yoai^ and old are wise, will be speedily axid surdy 
set aside." — Academy. 

READINGS FROM ENGLISH HISTORY. Selected 

and Edited by John Richard Green, M.A., LL.D., 

Honorary Fellow of Jesus CoUege, Oxford. Three Parts. 

Globe 8vo. \s, 6d. each. L Hengist to Cressy. IL Cressy 

to CromwelL IIL Cromwell to Balaklava. 



r-^LECTC/RES ON THE HISTORY OF ENGLAND. 

By M. J. Guest. With Maps. Crown 8vo. '6s. 

*' It is not too mudi to assert that this is one of the very best dan books 
of English History for young istudents ever published." — Scotsman. 

HISTORICAIi GOURftB FOS SOHOOIiS — Edited by 

Edward A. Freeman, D.C^^, late Fellow of Trinity 

College, Oxford. 

L GENERAL SKETCH OF EUROPEAN HISTORY. 

By Edward A. Freeman, D.C.L. New Edition, i^vised 

and enlarged, with Chronological Table, Mi^ps, and Index* 

l8mo. doth. 3^. 6^^ 

" It supplies the great want of a good fbondatioa for lustorical teaching. 
The scheme is an excellent one, and this instalment has been ejceented m 
a way that promises much for the volumes that are yet to appear.**— 
Educational Timbs. 

II. HISTORY OF ENGLAND. By Edith Thompson. 

New Edition, revised and enlarged, witli^'Maps. iSmo. ix. 6«C 

in. HISTORY OF SCOTLAND. By Margaret 
. \. Macartkur. . New Edition. iSmo. sj. 

** An excellent summary, unimpeachable as to fiKta. and putting thea 
in the clearest and most impartial light attainabIe.''i-GuAXDLAM. 

IV^ HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
iSma 3J. 



It possesses the same solid merit as Its predecessors .... the same 
scrupulous care about fidelity in details. . . . It is distineuished, too, by 
information on art, architecture, and social politics, in which the writo^ 



grasp is seen by toe firmness and clearness o£ his touch"--£DT}CATioNAL 
Timbs. 

V. HISTORY OF GERMANY. By J. SlMS, M.A. 

i8mo. 3^. 

"A remarkibly clear and impvesdve history of Qermany. Its great 
events are wisely kept as central figures, and the smaller events are care- 
fully kept, not only subordinate and subservient, but most sldlfuHy woven 
into the texture of tbe historical tapestry preaented to the ^eye."— 
Stakdasd. 
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HISTORICAI* COURSE FOR SCHOOI«S Continusd^ 

Vl. HISTORY OF AMERICA. By John A. DOYLB. 

With Maps. i8mo. 4J. 6a, 

** Mr. Doyle has performed his 'task with admirable care, fulness^ and 
clearness, and for the first time we have for schools an accurate and inter- 
esting history of America, from the earliest to the present tiAie."— 
Standard. 

EUROPEAN COLONIES. By E. J. Paynk, M.A, With 

Maps. i8mo. 4/. td. . ' 

'* We have seldom met «ith an nistorian capable of forming a more 
comprehensive, far-seeing, and unprejudiced cfestimate of events and 
peoples, and we can conimend this little work as one cettain to prove oC 
the h^best interest to all thoughtful readers." — ^Timbs* 

FRANCE, By Chaklotte M. Yongs. With Maps. i8mo. 
** An admirable text'bock for the lecture foom." — Academy. 

GREECE. By Edward A. Freeman, D.C.L. 

[In prfparatUm, 

ROME. ByEDWARD A. Freeman, D.C.L, [In preparatum. 

fflBTOR'tf PRIBtBRS — Edited by JOHN RICHARD GUBEN. 

Author of " A Short History of the English People." 

ROME. By tl^e Rev. M. Creighton, M.A., late Fellow 

and Tutor of Merton College, Oxford. With Eleven Maps. 

i8mo. i.f. 

**The author has been curiously successful in telling in. an intdli- 
gent way the story of Rome from first to ]aflt.'*^-^ScMobL -Boakd 
Crroniclb. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor 

of University CoU^e, Oxford. With Five Maps. i8mo, is. 

"We give enr unqualified praise to this little manuaL'*— 'School- 

MXSTKR. . 

EUROPEAN HISTORY. By E. A. Fkbbman, DX.L. 

'XJL.D. With Maps. i8mo. is. 

*'The work is always clear, and focpis a lomiiKMi hey tojhiropean 
history. "—School Board Chronicub. 

GREEK ANTIQUITIES. By the Rev. J. P. Mahapfy, 

M.A. Illustrated. r8mo. is, 

<* All that is necessary for the scholar to know is told so eompacdy yet 
,so fully, and in a style so interesting^ that it is impossible for even the 
dullest boy to look on this little work in die same light as he regards his 
other school books. "—ScHOOLMASTvit. 

CLASSICAL GEOGRAPHY. By H. F, To2»», M.A. 

i8mo. IS. 

** Another valuable aid to the study of the ancient woild. ... It 
contains an enormous quantityof information packed into ^ sn^all space, 
aagd at ihe same time cwnmwicariwd in a very readable ^hape.*'— John 
Bull. 
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HISTORY PKIMBR8 ConHmud^ 

GEOGRAPHY. By Georos Grove, D.C.L. With Maps. 
i8mo. is. 

"A modd of what such a work should be .... w« know o£ no short 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost exeUisvtty 
consist. " — TiMBS. 

ROMAN ANTIQUITIES. By Professor WiLKiNS. lUiu- 

tiatecL iSmo. ix. 

" A little book that throws a blase of light on Roman History, aa4 
is, moreover, intensely viitien8dng,"'-^cJka0i Bvard CJkrofucie, 

FRANCE. By Charlottk M. Yongb. f Smo. u, 

" May b^ considered a wonderfully successful piece of work. .... It* 
general merit as a vigorous and clear sketch, giving in a small space a 
vivid idea o£ the history of France, remains undeniable." — Satvkday 
Review. 

In preparation : — 
ENGLAND. By J. R. Grxsn, M.A. 

XJSTHBRID6B— yf SHORT MANUAL OF THE HISTORY 
OF INDIA, WITH AN INTRODUCTOR Y A CCOUNT 
OF INDIA AS IT IS. By Roper Lethbridge, M.A., 
CLE. Crown 8vo. , [In the press, 

MZCHBI.ET— ^ SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michelst, and continued to 
the Present Time, by M. C. M. Simpson. Globe 8va 4/. 6tL 

OTTk-SCANDINAVIAN HISTORY. 'Bj 'E^ C Ott*. 

With Maps. Globe 8vo. 6s. 

VAJJImI'-PICTURES of OLP ENGLAND. By Dr. R. 
Pauu. Translated with the sanction of the Anthor by 
£. C. OttA. Cheaper Edition. Crown 8va 6f . 

RAMSAY—^ SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. \In pr^parti^on. 

VAXT—ANAL YSIS OF ENGLISH HISTOR Y, based on Green'i 
"Short History of tiie English People." By C W. A. Tait, 
M. A., Assistant-Master, Clifton College. Crown 8vo. 3^. 6d. 

WHBBUBR— yf SHORT HISTORY OF INDIA AND OF 

THE FRONTIER STATES OF AFGHANISTAN^ 

NEPAULy AND BURMA. By J. Talboys Wheeler. 

With Maps, Crown 8vo. 12s. 

" It is the best book of the kind we have ever seen» and we recommend 
it to a place in every school library." — Educational Times. 
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TdKGB (CHARXiOTTB M.)'-A PARAl;LEL HISTORY OJF 
FRANCE AND ENGLAND : consisting of Outlines and 
Dates. By Charlotte M. Yongx, Author of " The Heir 
of Redclyffe," &c., && Oblong 4to. 3^. td. 

CAMEOS FROM ENGLISH HISTORY. —FRO^ 
ROLLO TO EDWARD II. By the Author of " The Heir 
of Redclyife." Extra fcap. 8vo. New Edition. 5j. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY—THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. 5j. 

A THIRD SERIES OB CAMEOS FROM ENGLISH 
HISTORY^-THE WARS OF THE ROSES. New Edition. 
Extra fcap. 8vo. 5^. 

A FOURTH AE^/ff.S— REFORMATION TIMES. Extra 
Fcap. 8vo. 5j. 

EUROPEAN HISTORY. Narrated in a Series of 
Historical Selections from the Best Authorities. Edited and 
arranged by E. M. Sewell and C. M. Yongk. First Series, 
1003 — 1 1 54. Third Edition. Crown 8vo. 6s. Second 
Series, 1088 — 1228. New Edition. Crown 8va 6t. 
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*«* For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (RBV. B. MLy—BIBLE LESSONS. By the Rev. 
£. A. Abbott, D.D., Head Master of the City of London 
School New Edition. ' Crown 8vo. 4^. 6d. 

** Wise, sngKestiye» and really profound inidadoa into reSgious thoughL " 

— <^UASDXAM. 

AXSO^Jy—A BIBLE-READING FOR SCHOOLS-^THE 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Issdah, Chapters xl. — ^bcvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly 
Professor of Poetry in the University of Oxford, and Fellow 
cf OrieL New Edition. i8mo. doth. is. 

ISAIAH XL.—LXVI. With the Shorter Prophecies allied 
to it Arranged and Edited, with Notes, by Matthew 
Arnold. Crown 8vo. Sj. 
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CVBrems—AfAATirAL OF the thirty-nine AR- 
TICLES, By G. H. CuRTEis, M.A., Principal of the 
Lichfield Theological College. \_In prtparaUon, 

QASKOIN— THE CHILDREN'S TREASURY OF BIBLE 
STORIES, By Mrs. Herman Gaskoin. Edited with 
Preface by the Rev. G. F. Maclear, D.D. Part L— OLD 
TESTAMENT HISTORY. i8mo u. Part II.— NEW 
TESTAMENT. i8mo. u. Part HI.— THE APOSTLES : 
ST. JAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. u. 

GtOItDSN TRBAaURY P8AI.TER— Students' Edition. Being 
an Edition of "The Psalms Chronologically Arranged, by 
Four Friends," with briefer Notes. i8mo. 3^. 6^ 

ORmSK'TSSTAMENT. Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. ifwo^ 
Vols. Crown 8vo. [In the press. 

HARDWICK— Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gr^ory the Great to the Excommupi- 
cation of Luther. Edited by William Stubbs, M.A., Regius 
Professor of Modem History in the University of Oxford, 
With Four Maps. Fourth Edition. Crown 8vo. lOf. €d, 
A HISTOR Y OF THE CHRISTIAN CHURCH DURING 
THE REFORM A TION. Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8vo. los, 6d, 

Kiva-CHURCH HISTORY OF IRELAND, By the Rev. 

Robert King. New Edition. 2 vols. Crown 8vo. 

[In preparation, 
MACI>EAR — Works by the Rev. G. F. Maclear, ^D.D., 

Warden of St. Augustine's College, Canterbury. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY, 

New Edition, with Four Maps. i8mo. 4^. 6d, 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testament 
With Four Maps. New Edition. i8ma Jr. 6^ 
A SHILUNG BOOK OF OLD TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. doth. New Edition. » 



DIVINITY. 
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KACIiBAB Coniinued-- 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY^ for National and Elementaiy Schools. With 
Map. iSmo. doth. New Edition. 

These works hai^e been carefully abridged from the author's 
larger manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. New Edition. i8mo, doth. 
\i. 6d. 

A FIRST CLASS-BOOK OF THE CA TECHISM OF 
THE CHURCH OP ENGLAND, with Scripture Proofe, 
for Junior Classes and Schools. i8mo. 6d. New Edition. 
A MANUAL OF INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION. WITH PR A VERS 
AND DEVOTIONS. 3^mo. cloth extra, red edges. 2s. 
UAVB.lQn—THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Rev. F. DsNisoN Maurice, M.A. i8mo. dotili, limp. \s. 

PBOCTBR— ^ HISTOR Y OF THE BOOK OF COMMON 
PRA YER^ with a Rationale of its Offices. By Francis 
FftOOrsR, M.A. Fourteenth Edition^ revised and enlarged. 
Crown 8va lOf. f>d. 

P&OCTSB iOVD HLMUGIAMlIBl— AN ELEMENTARY INTRO- 
DUCTION TO THE BOOK OF COMMON PRA YER. 
Re-arranged and supplemented by an Explanation of the 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Communion Service and 

' the Confirmation and Baptismal Offices. i8mo. 2s. 6a. 

PSAI.MS OF DAVID CHRONOIiOGXCAIiIiY ARRANGED. 
By Few Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Cr. 8vo. 8x. 6d. 

WLAWBA'Y^THECATECHISER'SMAHUAL; or, the Church 
Catechism Illustrated and Explained, for the Use of Clergy- 
men, Schoolmasters, and Teachers. By the Rev. Arthur 
Ramsay, M.A. New Edition. i8mo. is. 6d. 
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nmvmoix—AJV EP17X)ME OF THS HJSTO. 
CHRISTIAN CHURCH. By WnxiAM Si 
New Edition. Fcap. Sto. y. &/. 

TKBNOH— Br R. C. TRENCH, D.D., Aidibial 
LECTURES ON MEDIEVAL CHURCl 
Being Ihe inbstance of I.cccu«a delivered at Qiteen't College^ 
London. Second Edition, leriscd. 8to. 12t. 
SYNONYMS OF THE NEW 7ESTAMENT. Ninth, 
Edition, lensed. Svo, \ai. 

WHSTOOTT— Wock»' by Brooke FossWbstcott,DJ3.,C«ioii . 
of Feteil>cnon{^ 

A GENERAL SURVEY OF THE HISTORY OF THS 
CANON OP THE NEW TESTAMENT DURING THS 
FIRST FOUR CENTURIES. Foorth Edition. imth 
FreTace <» "Supetnatunl Religion." Crown Sto. lot. 60. 



THE BIBLE IN THE CHURCH. A Popnlu Account 
of the Collectlod and Reception of the Holjp S ci ipt iu le a in 
the Chiistiui ChoicheL New Edition. iStno. doth. 
V- &>^ 

WTIMOV — THE BIBLE STUDENT'S GUIDE to the mora 
Correct Understanding of the English Translation of the Old 
Testament, bjr reference to the original Hebrew. B; Willux 
Wilson, D D., Canon of Winchester, bte Fellow of Queen'* 
College Oxford. Second Edition, carefully revised, 4(0. 
chith. 35J. 

TONGE (OHASI.OTTB X.)— SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. By Chakldtt« IL YoMOi, 
Author of "The Heir of Redclyffe." In Five Vols. 
First Series, Genesis to Dbuteeokouy. Globe 9va 
ij. 6d. WiA Conunents, 31. &/. 

Second Sbriks. From Joshua to Soi^wom. Extm fcap. 
8*a. \i. td. With Comments, y. hd. 
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CHARIiOlTB M. YONC^B — Continued, 

Third Sbries. The King$ and the Propkbts. . Extra leap. 
8vo. IS, 6d, With Comments^ y, 6d, 

Fourth Sbribs. The Gospbl Times, is. &/. With 
Comments^ extra fcap. 8vo., 3J. 6d, 

Fifth Series. Apostolic Times. Extra fcap. 8vo. is. 6d* 
With Comments^ 3J. 6d, 



MISCELLANEOUS, 

fmcluding works (m Modern Languages and LUeraiurei^ Art 

Hand'books^ &^,, <Srv. 



—A SHAKESPEARIAN GRAMMAR, An Attempt 
to iUnstrate some of the Differences between Elizabethan and 
Modem English. By the Rev. E. A. Abbott, D.D., Head 
Master of the City of London School New Edition. Extra 
ficap. 8yo. 6r. 

ANDBRSON — Z/JVj£^-^ PERSPECTIVE, AND MODEL 
DRA WING, A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papeis. By Laurbncb Anderson. With Illustrations. 
Royal 8vo. 2s, 



—FIRST LESSONS IN THE PRINCIPLES OP 
COOKING, By Lady Barker. New Edition. i8mo. i^ 

IBOWmH-FIRST LESSONS IN FRENCH. By H. CoUR- 
thope BoWen, M. a. Extra fcap. 8vo. is, 

BBAUMAJtCHAIB— Z^ BARBIER DE SEVILLE, Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant 
Master in St. Paul's School. Fcap. 8vo. 3j. 6rf, 

BBRNBRB— //^i"/ LESSONS ON HEALTH, By J. Ber- 
NERS. New Edition. i8mo. \s, 

d 
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BlJkKlBTOK—T/f£ TEACHER. Hints on Sc 
ment. A Handbook for Managers, Teachen' t 
PupU Teachers. By ]. R. Blakiston, M,A. 
i4, dd. (Recommended by tbe London, Bin 
Leicester School BoardE.J 

*' TntD a covpontiTclj htuU book be bai crowded ■ i 
CBt&B^j usefuE uid uuDd Rdvics. Il U a pUin, con 
full of MoU 10 the teicber on Ihe muufemeiit ri Gu 
children. — School Board Chiohicle. 

BBEYMANN — Works by Hermann Bbbyhann, 
fessor of Philology in the Universi^ of Munich. 

A FRENCH GRAMMAR BASED ON FffJ. 

PRINCIPLES. Second Edition. Extra fcap. 

FiflST FRENCH EXERCISE BOOK. E« 

4J.W. 

SECOND FRENCH EXERCISE BOOK. E 

ar.W. 

atuoOKX— MILTON, By Rev. StopFobd Bb 
Fcap. Svo. IS. 6d. (Green's Classical Writers. 

WTUEA—HUDIBRAS. Edited, with Introdnction and Notes, 
by Alfred Milnes, B.A. [In firtparoHim. 

0&.W>SB.-Vf001i— HANDBOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of 

Moral Philosophy, Univernty of Edinburgh, Sixth Edtdon, 
Crown Svo. &s. 

DA.t»TB-THE PUKGATORV OF DANTE. Edited, with 
Translation and Notes, by A. J. Butlbe, M.A., lateFellow 
of Trinity College, Cambridge. Crown Svo. iw. 6d. 

DBI^LMOTTB— .^ BEGINNER'S DRAOTING BOOK. By 
P. H. Dblahott^ F.S.A. Progressively arranged. New 
Edition improved. Crown Svo. y. 6d. 
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i r-BARON—SCIfOOL INSPECTION, By D. R. Fearon, 

M.A,, Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. 2j. 6^. , 

I 

PREDERICK— ^/A' TS TO HOUSE WIVES ON SEVERAL 
POINTS, PA R TICULARL V ON THE PRE PARA TION 
OF ECONOMICAL AND TASTEFUL DISHES, By 
i Mrs. Frederick. Crown 8vo. 2J. (>i, 

'• "This unpretending and useful little volume xlistinctly supplies a de- 

I sideratum The author steadily keeps in view the simple aim of 

' ' making every-day meals at home, particularly the dinner, attractive,' 

without adding to the ordinary household expenses." — Saturday Review. 

\ aiMATiSTOli-Br-SPELLING REFORM FROM AN EDU- 

\ CATION A L POINT OF VIEW. By J. H. Gladstone, 

\ Ph.D., F.R.S., Member of the School Board for London. 

I New Edition. Crown 8vo. \s, 6d, 

ao'UDBJAl'rn—THE TRA VELLER, or a Prospect of Society ; 
i and THE DESERTED VILLAGE. By Oliver Gold- 

^ SMITH. With Notes Philological and Explanatory, by J. W. 

Hales M.A. Crown 8vo. 6d. 

GUAff I>'nOMmL^CUTTING OUT AND DRESSMAKING 
From the French of Mdlle. E. Grand'homme. With Dia- 
grams. i8mo. is. 

eaBBN-^ SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Green and Alice 
Stopford Green. With Maps. Fcap. 8vo. 3J. dd. 

The Times says : — " The method of the work, so far as real instruction 
is concerned, is nearly all that could be desired. ... Its great merit, in 
addition to its scientific arrangement and the attractive style so familiar 
to the readers of Green's Short History is that the facts are so presented 
as to compel the careful student to think for himself. . . .The work may 
be read with pleasure and profit by any< ne ; we trust that it will gradually 
find its way into the higher forms of our schools. With this text-book as 
his guide, an intelligent teacher might make geography what it really i^~ 
one of the most interesting and widely-instructive studies." 

VLAl^B^S— LONGER ENGLISH POEMS, with Notes, PhUo- 
logical and Explanatory, and an Introduction on the Teaching 
of EngUsh. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A., Professor of English Literature at King's 
Collie, London. New Edition. Extra fcap. 8vo. 4f. M 

d 2 
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80I.B— ^ GENEALOGICAL STEMMA OF THE KINGS 
OE ENGLAND AND FRANCE. By the Rev. C. Hole. 
On Sheet. 

JOHNSON'S LIVES OF THE POETS. The Six Chief Lives 

(MiltDn, Dryden, Swift, Addison, Pope, Gray), with Macaulajr's 
"Life of Johnson." Edited with Preface by Matthew 
Arnold. Crown 8vo. 6;. 

LITflRATURS PRJMERS— Edited by JOHM RICHARD GrSEN» 
Author of "A Short History of the English People.** 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., 
sometime President of the Philol(^cal Society. iSmo. 
cloth. IS. 

ENGLISH GRAMMAR EXERCISES. 3y R. Morris, 
LL.D., and H. C. Bowen, M.A. i8mo. is. 

THE CHILDREN'S TREASURY OF LYRICAL 
POETRY. Selected and arranged with Notes by Francis 
Turner Palgrave. In Two Parts. i8mo. is. each. 

ENGLISH LITERATURE. By the Rev. Stopford 
Brooke, M.A. New EcMtion. i8mo. is. 

PHILOLOGY. By J. Peile, M.A. i8mo. is. 

GREEK LITERATURE. By Professor Jebb, M.A. iSbmx Ij. 

SHAKSPERE. By Professor Dowden. iSino. u. 

HOMER. By the Right Hon. W. E. Gladstone, M.P. 
i8mo. IS. 

ENGLISH COMPOSITION. By Professor Nichol. i8mo. 

IS. 

In preparation : — 

LA TIN LITER A TURE. By Professor Seelry. 

HISTORY OF 7 HE ENGLISH LANGUAGE. By 
J. A. H. Murray, LL.D. 
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■CAOBKILIiAN'l COPY-BOOKS— 

Published in two sizes, viz. i — 

1. Large Post 4to. Price 4^. each. 

2. Post Oblong. Price 2a, each. 

I. INITIATORY EXERCISES ^ SHORT LETTERS. 

•2. WORDS CONSISTING OP SHORT LETTERS, 

*Z,LONG LETTERS. With words containing Long 
Letters — Figures. 

♦4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK. For 
N08. I to 4. 

*5. CAPITALS AND SHORT HALP7EXT. Words 
beginning with a Capital 

*6. HALP^TEXT WORDS, beginning with a Capital- 
Figures. 

•7. SMALL-HAND AND HALP-TEXT. With Capitals 
and Figures. 

»8. SMALL-HAND AND H ALP-TEXT. With Capitals 
and Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 5 to 8. 

♦9. SMALL-HAND SINGLE HEADLINES--Y\^axe&. 

10. SMALL-HAND SINGLE HEADLINES—Tx^wi. 

•u. SMALL-HAND DOUBLE HEADLINES— ¥\gvaeA. 

12. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, ^'c. 

12a. PRACTISING AND REVISING COPy-BOOK. For 
Nos. 8 to 12. 



» 



TTitse numbers may be had vnth Goodman^ s Patent Sliding 
. Copies. Large Post 4to. Price 6d. each. 
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MAOKIUiAN'S OOPY-BOOKS Con 

UjaslDiptedcvicethe copies, wbici 
■lips, are arranged with n movable a 

are adimted so u to be directif before the eye of the pupil at 
all points of his pK'gresi. It enables hlis, also, 1o keep bis 
own foultx concealed, with perfect models constantly in view 
lor imitation. Every experienced teacher knows the advantage 
. of the slip copy, but its practical application has never befor« 
been successfully accomplished. This feature is secured ex- 
closively to MacmiUan's Copy-books under Goodman's patent 

VACHIIiUUI'S PBOQRBSfllVB FHENCR OOTIRSB— Bf 

G. Eugbnb-Fasnacht, Senior Master of Modem Languagei, 
Harpur Foundation Modem School, Bedford. 
I. — First Ykar, containing Easy Lessons on the R^ular Ac> 
ddence. Extra fcap. 8vo. Ii. 

II.-~Secdnd Ycab, containing Conversational Lessons on 
Systematic Accidence and Elementary Syntax. With Philo- 
logical Illustrations and Ecymological Vocabolaij. Ii. 6d. 
in.— Third Year, cnnlabing a Systematic Syntax, and 
Lessons in Composition. {/« thi ffi-tsi. 

KACHILLAN'S PROQRBSBIVB FRBNOH RBADERS— 

By G. EugenE'Fasnacht. 

1 iRST AND Second Years. \In iht prtis. 



Parti. — FikstVeaiu Easy Lessons and Rules on the R^ular 
Accidence. Extra fcap. 8vo. \t. 6d. 

Part 11. — SscoND Ykail Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philological 
Illustrations and Etymological Vocabulary. Extra fcap. 

UAMTIK ~ THE POET'S HOUR: Poetry selected and 
arranged for Children. By Feancks Mabtin. Third 
Edition. i8mo. 2r. 6^. 

SPRING-71ME WITH THE POETS: Poeliy adected 1^ 
Francis Maktin. Second Edition. iSmo. y. td. 
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MASSON {GVBTAVHy—A COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English and 
English -French). Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By Gu stave Masson, Assistant-Master 
and Librarian, Harrow SchooL Fourth Edition. Crown 8vo. 
h-ilf-bound. 6x. 

tt'OX.IB&B->Z£ MALADE IMAGINAIRE. Edited^ with 
Intioductlonand Notes, by Francis Tarver, M. A., Assistant- 
Master at Eton. Fcaj). SVo. ^s, 6d. 

MORRIS — Works by the Rev. R. MoRRis, LL.D., Lecturer 
on EngB&h Language and Literature in Kihg^s College 
School, 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 
comprising Chapters on the History and Development of the 
Langu^e, and on Wdrd-formation. New Edition. Extra 
fcap. 8vo. 6f. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. i8mo. ±s» 6d, 

PRIMER OF ENGLISH GRAMMAR, i8mo. is. 

VtTCOt^HISTORV OF THE FRENCH LANGUAGE, 
with especial reference to the French element in English. By 
Henry Nicol, Member of the Philological Society. 

\In preparation, 

OImIVOAVT^THE old and middle ENGLISH, A 
New Edition of ''THE SOURCES OF STANDARD 
ENGLISH" revised and greatly enlarged. By T. Kington 
Oliphant. Extra fcap. 8vo. 9j. 

PALIJ^RAVE— T-^iS CHILDREN'S TREASURY OF 
LYRICAL POETRY, Selected and Arranged with Notes 
by Francis Turner Palgravb. i8mo. 2s, 6d, Also in 
Two parts. i8mo. is, each. 

PIitJTARCH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of Names, and Glossarial Index, by 
the Rev. W. W. Skkat, M.A, Crown 8vo. 6s, 
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PYLodet— A'^W GUIDE TO GERM. 

TION: containing an Alphabetical List ol 
Words followed by Exercises, Vocabulary ■ 
nse ; Familiaj' Phrases and Dialogues ; i 
LiteratDre, Idiomatic Eipresdions, &C. 

l8mo. cloth limp. a/. 6^. 

A SYNOPSIS OF GERMAN GRA. 

above. iSmo. fid. 

BEADINQ BOOKS — Adapted to the EnglKll 

Bound in Cloth. 

J'RIMER. iSmo. {48 pp.) id. 

BOOK I. l(x Stondaid I. iSino. (96 pp.) ^4. 

u II- •• !!• iSnio. (144 pp.) 5^. 

„ in. „ IIL iSmo. (160 pp.) W. 

„ IV. „ IV. i8mo. (176 pp.) %a. 

„ V. V. iSmo. (380 pp.) ij. 

„ VI. „ VI. Crown 8vo. (430 pp.) %t. 

Book VI. is fitted for higher Classes^ and *s an Introduction to 
English Literature. 

" ThEf uE £iT ihave uiy oihers ihst have atrpcared both b fern and 



loina up b Suiuiiir^Vl. CDUTM lo Oljiunr, Hooker, a 
.3 Woidsoonh. Macaulay, and Fnudt. . . . This ii 
nek. and iadiaita jiuil)' ibe idEiil whidi we ouibi u 



SHAKERPEABE— ^ SHAKESPEARE MANUAL. ByF.G. 
Flbay, M.A., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap. Svo. 41. 6i£ 
AN ATTEMPT TO DETERMINE THE CHEONO' 
LOGICAL ORDER OF SHAKESPEARSS PLAYS. 
By the Rev. H. Paine Stokes, B.A. Entm fcap. Svo. 
4J. 6rf. 

THE TEMPEST. With Glossarial and Explanatory Notei. 
By the Rev. J. H. Jrphson. New Edition. i8mo. if. 



MISC£LLAN£O0S. 57 



SOKKBN8CHEIN and MBIKUSJOHN — 7/r^ ENGLISH 
METHOD OF TEACHING TO BEAD. By A. SON- 
KJLNSCHSiN and J. M. D. Meikl^obn, M.A. Fcap. 8yo. 

COMPRISING : 

7 HE NURSERY BOOK, containing aU the Two-Letter 
Words in the Language, id, (Also in Large Type on 
Sheets for School Walls. $$,) 

THE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. 6d, 

THE SECOND COURSE, with Combinatioos and Bridges, 
consisting of Short Vowels with Double Consonants. 6«/. 

THE THIRD AND FOURTH COURSES, consisting of 

Long Vowels, and all the Double Vowels in the Language 

6d. 

** These are admintble books, because they arc constructed on a prin« 
dple. and that the simplest principle on which it is possible to kam tor«ui 
yngUA ' — Spbctatok. 

rAXfJXHn— FIRST PRINCIPLES OF A GRICUL TURE. By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
Umversity College, Aberystwith, &c. l8mo. u. 

XAlTLOn^WORDS AND PLACES: or. Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rey. 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. 6s, 

TAYLOR—^ PRIMER OF PIANOFORTE PLA YING. By 
Franklin Taylor. Edited by George Grove. iSmo. ix. 

TBOmmEnR'- HOUSEHOLD MANAGEMENT AND 

COOKERY, With an Appendix of Recipes used by the 

Teachers of the National School of Cookery. By W. B. 

Tegetmeier. Compiled at the request of the School Board 

for London. i8mo. \s, 

•'Admirably adapted to the use f )r whxh it is dsslgnjd.** — ArHSNiSUM. 

"A seasonftble and thorcu^My practical mnnual. ... It can be consulted 
readily anl the information it contains ii given Li the simple:>t language." 
— Pall Mali- G/VZkttk. 
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J-FIRST LESSONS IN BOOK-KEEPING. % 
J. Thornton. Crwvn 8vo. 2J. 6^/. 

The object of this volume is to malee the theory of Bodk-keepii^ suf- 
ficiently plain for even children to understand it. . 

THRING — Works by Edwa&d Thking, M. A., Head Master of 
Uppingham: 

THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH, With Questions. Fourth Edition. i8mo. 2j. 

TRENCll (ARCHBISHOP)— Works by R. C. TRENCH, D.D., 

Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY. Selected 
and Arranged, with Notes. Third Edition. Extra fcap. 8vo. 

ON THE STUDY OF WORDS, Seventeenth Edition, 
revised. Fcap. 8vo. 5^. 

ENGLISH, PAST AND PRESENT. Tenth Edition, 
revised and improved. Fcap. bvo. $s, 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different from their Present. Fifth 
Edition, .revised and enlarged. Fcap. 8vo. 5^, 

VAUOHAN (O. M.)- fFO^Z?^ FROM THE POETS. By 
C. M. Vavghan. New Edition. iSmo. doth. u. 

VZHCBirr and JiJCViSOK ^HANDBOOK TO MODERA 

GREEK By Edgar Vincent, Coldstream Guards, and 

T. G. Dickson, M.A. With Preface by Professor J. S. 

Blackie. Extra fcap. 8vo. 5^. 

'* This is a grammar and conversation book in one, and avoids with great 
success the tediousness too common in grammars and the silliness too 

common in conversation books It will not be Messrs. Vincent and 

Dickson's fault if their work does not contribute materially to the study 
of Greek by Englishmen as a liidng language." — Pall Mall Gazbttb. 

WHITNEY— Works by William D. Whitney, Professor of 
Sanskrit and Instructor in Modern Languages in Yale Coll^;e. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 
8vo. 4s. 6d, 

A GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8va 5^ 
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WHITKSY AND EDGRBN— >^ COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, with Notation of Cor- 
respondences and Brief Etymologies. By Professor W.^ D. 
Whitney, assisted by A. H. Edgrkn. Crown 8vo. 7/. td, 

THE GERMAN-ENGLISH PART, separately, 5j. 

^9rBilGt^T—TIIE SCHOOL COOKERY BOOK, Compiled 
and Edited by C. E. Guthrie Wright, Hon. Sec. to the 
Edinburgh Sdiool of Cookery. i8mo. \s. 

Sir T. D. AcLAND, Bart., says of this book:— "I think the "Schoo 
Cookery Book " the best cheap manual which I have seen on the subject. 
I hope teachers will welcome it.' But it seems to me likely to be even 
more useful for domestic purposes in all ranks short of those served by 
professed cooks The receipts are numerous and precise, the explana> 
tion of principles clear. The chapters on the adaptation of food to 
varying circumstances, age, climate, employment, health, and on infants' 
food, seem to me excellent." 

TONGE (CHARLOTTE VL.y—IHE ABRIDGED BOOK OF 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of "The Heir of Red. 
dyfia" i8mo. cloth, i/. 
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